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AtMract: W(’ report 01) lnlnlmical sinlulatiolls  designed Lo u~ldcrstand  how the
solar  systcn]  cw)lvd  t l]rougjl  a winnowing of plancksi]na]s  accrekd  from the early
Solal’ ]Icbllla. ‘1 ‘his sorting  procx!ss  is drivcll l.)y tlIc energy and angular monm ItuIn
al)d col)tinucs to 1,11(:  ])rescntl  day. WC mconsi(lcr  the cxiskncc  and iln])ortancc  of stJa-
blc ]Iicll(:s  i]] tl]c  JllI)it m/Satum zol}c usi]lg  g r e a t l y  i]nlmvcd  llunwrica]  tcxll]liqucs
basccl 011 higlbor(lcr  iq)tinlizcd  nlulti-ste])  i]kcgratioll  schc~ncs coup led  to  mullclof~
cmm lllillil]lizillg, Irlctll(xls. MJc rqmt tl}c i]]vcstigations  of Wcihc]  d a l .  (1990)
with ol)[;  lllll](lmi  t)llolwan(i  ll]asslcss  ]mrtliclcs- ncarly 103 tin]e more  ]mrticlcs than
our 1990 i]lvcsi ig;ation. ‘1’l)c incmasc  ill t]lc  numbers of test particles facil i tates
robust stat isllical i]] fcrm]ce and co]] ]]mison  with a]lalytic  results  dcwivcd  from sta-
tistical lllCCllillli(’S  all(l kill(!tic theory. ‘1’hc ])rimordia] ])lallctcsimial swarm evolved
i)] a ])llilS(! S])il(’[? divi(lc(l  illtlo  reginlcs I)y sc~)aratri(x!s  wllicll  dcfillc their trajectories
aII(l fate, W(J obsmvcd tllrcc s tages  ill tllc plal)ctcsimal  dy]mmics. At the stnrt o f
tlIc silnlllat  iol) 11)/III:r ~)lallctcsinlals  arc quickly clilninatd  I)y the activity s~)llcrcs  c)f
,Ju~)it,cr  or %tIIrJI. hTcxt  tl]crc is a :,lavitatlioll?ll  relaxation ])hasc where  tllc surviv-
in:; ])artic.l(:s :Irc (:xI)oll(:lltli:~lly  ditl)inatfc(]  by ralldmn p;ravitatiollal  cllcountcrs  with
Ju])itcr  or SatLIrl]. li’illt~lly. tll]c  o]]]y lol]~,- l ived ])artliclcs  i]] tl]c  sin]ulatioll  were i]]i-
tially Jocat ml :It (lit] ICr a 1,ap;rallgc ]millt  or i]i all orl)it co]l]]rl(:]lsl]l:il)l[:  with Ju])itcr
c)Y Satllr]l.  lly colll~]arill~ tllc silnulatjio~l  with earlier ilwcstigatiol]s,  wc verif ied the
role that lla]llilttJllii~ll  cllac)s  IImy have ~)laycd ill previous studies. We conclude that
nid]cs for ])ltlll(:tlCSi  lllill  ll)atcria] arc rar(! al)d only cxtrclncly  hip;h accuracy long
siJnll]iltiolls  Ivit,ll  IIltIIly ])ar’tides Wil] be al)]c to Captul’c CVC!I1  the (lUa]itatiVC  llatulc
of cal’ly  sol:)]”  Systrl)l  ])lilll(!tlCSil  llal cvolutio)l.
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reveal  tjllc sccrf:ts  Iwhill(l  its origil)  al)d evo lu t ion . I ‘lanctcsimals fcmnccl  from the

solar  IICl)lllil  I)ll:lt a(”(:lwtj(:d  to for]l]  tllc ]Jlancts  u]]dcrwcnt  a winnowing according to

tl]cir (! Il(!l’gy, all$ulal”  llK)lll(’Ilta, aI1d ])hasc allglcs. ‘J ‘his sortillg  process continues to

tjhc prcs(mt day I)(x:alm t)llcrc still mist ])laldcsimals  wit}] lnarginally  chaotic orbits.

‘J’]](: d~])il])]i(:i]l  1)1 IiIs(:  S] NI(X: dcscril~i]]g  (IIC CHr]y sola~ systC]]], aS WC1l as today’s, is

dividml  i]lto mp;ill](:s  I)y .$[!])i\l”:ltliCCS  wliich  define the pla]]ctcsimals’  trajcctforics  and

fatlc. ‘1’1](: solar S)WI ClJI w(: scc t o d a y  i s  tlm ]moduct of this  cly]]amical  cmn]dcxity.

‘1’hc  mllai]]i]lK  ])lilll(!tCSill  l:llS IIold clum to its origin and cvoluticm.

Ot )s(:mal)l(:  ])]il  [wtcsillla]s  arc abscntl  from most, candidatlc niches in the outlcr

So]al” S,yst  Cl Il. (Jiol~illi  d a]. (1 996) have coln])ilcd

t(:l)l  l)odics  for fvl]icll  tlic  orbits  arc \v[:ll-(lctlcr]  llillccl.

(!lClll[?l)t  S fol” t IIis (li\{ill)?lS(?  C0311C fl’01)1 tJ1l’CC!  SOUYCCS:

a database for all solar sys-

‘1’hcsolutions  for the orbital

the Minor  Planet (~irculars,

])l]l)lisll(x]  l)y

Astrol)llysics

l)it,s  (Iknvcll.

tllr IA1.I hli]ior  Pla]wt,  G1]tcr at. the lla]vald-S1~litllsol~ial-l  hltcr fo r

(kIi\]s<l(!]l,  19{)6), tlm I,owc1l olxwvatory  l)atabasc  o f  A s t e r o i d  Or-

1{]{)(;]  an(l t,hc ,Jct })ro])ulsion  l a b o r a t o r y  Solar S y s t e m  ])ylla]nics

GI”OU]) (I)ollill(l  1<. Ym)ll)arls.  su]xnvisor). Of t)]c bodies fmn t)le  J]’], da tabase ,

o])ly 1(;5 l):lvr s(~.]~li]l-l~~jor  axes wl~ich  ])lacc tlmn i]] tl]c Jup i t e r /Sa tu r l l  zone,  and of

tllc lIIOYC tlla]l  100” :~stcmids  i]] this list, all but o]]carcrJh)ja]l  asteroids-  s i tuated

at t]lc  lca(li]lg  a]](l ti~ili]]g  l,agr:i~]p;c ~)oints of Ju])itcr. ‘J’l]c  lone cxccption is 944

llidal~o,  wl~icll  CMSSCS  lmtl]  the orbits of Ju])itm  and %tur]l.  Add i t iona l ly ,  them

arc also olwrvt:d :ll)l)l’oxillltltfcly  25 coll]cts  whose scnnimajor  axes lic bctwcm those

of Ju])itcr a]](l $+i~t~llll, aIId all bui, O1lC cross Jupiter’s or Saturn’s orbits, or both.

‘J’l]is onc mccptioll, I’/Scll\vassllltllll-]  -Waclllllallll 1, hasasclninlajo  raxisof6.041

A U  alldan cc(:c~llt~i(:it~’c)fo.045.  It is]lotea  sytocxt  ]’a])olatcflo~ -[~” this oncobscrv-

ablc ,ltl])itJcr/S~]t)~]]l~  Yjollc objcc.t  to include  smaller  objects  that  wcmlcl bc v i s ib l e

had they 1)(:(x) il) tl)(~r(:lativcly  ~Ica]l)y asteroid Mt. Ncwcrthc]css, thcol.)scrvatioll

of m]l,y ()]](: ])ossil)ly loll:,-livd Ju])itcr/Saturn  object, iu contrast with t}lc order
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of 1 (),()()() astcroi(ls  II(’1 wccll Mars a]ld Jllpit)crl  ]mviclcs  a compcllin!;  olmrvatio]lal

c a s e  f[n’ assll]lli]lg  that tfl(! ,Jll]Jitl(:r/S{lt\ll~l  mm is highly  dq)lctf!d.

I)OCS tl]c aI)]Jt\r(:l]t  alMHlcc o f  SUCII  bm]ics  il]dicatc  t]m PM! SCIJCC of ]mi]ncmdia]

J)lC)(XY+S(:S  ill :1 Ili]ll(:  \Vl](’11 tll(! fomatio]l  Of  the  plallCtS WaS rlOt yCt COHlplCtC,  01’ arC

wc sct:illp;  cvi(l(:]  l(x) fol’ all ~~~~ollltlio]]i]l’y”  proccss- whcrc  early solar systc]n  Imdics  oll

tll[! Cfl~,[!  of (lliloS  (N(~lV1llilll  Ct ill., 1995), cx]mscd  to qualitatjivc  bifurcations in their

dy] Ia]lli(s,  wtII(! l(:IJJOV(Y1  ft{)nl all rcgio]]s  i]] t,}]c outer  solar systlcl[l’?

‘J’llis  I);l]xH. :111(1 its S(X]UC1  dcscril)c a llmsivc  simulation cflortj  dcsignd to un-

ravd sOII1(: of f l)csc qllcstiolls. 1 ]uildillg u~)on car]icr work by nlany investigators.

wc SCCli  to cxj)lol(!  t I)(I IIiltllrc of various nic.llcs situat,d t}lroug]lout tllc outer solar

SySt(:III.  III (Il]is  ]Ia])~’1”. {v(: H:tIIr II to trl)c  rcgio]) lmtlwccn Ju])itcr al]d Saturll,  allowillg

f(n tr:ijf!{!t  orics \vit 11 siqllifi(:al]t  i]lclillat)io]], to Imtjtcr undcrstanc]  the fate of matcria]

sit, uatc(l  ill this lcp,i]]lc:. 1]] the sequel, wc will Cx])]orc  the regions bct}vccll  Sat urn

a]][] lJra]Iw+.  :1S \\ ’(’l] :1S 1~1’illl[lS and h’(!~)t u]]c.

W(: II<IV( [1(1’(1(  l])c(l  i11t(:g,121ti(]1]  lnct,l]ods  ]I)orc ])rccisc  tll]an ally  ]J]cwiously  a])-

])li[!d to l,llis  ])lcjl>l(:lll. ‘1’llL:  l]]ctfllods  USCC1  arc e:mct u]) to c1ouIJC precision computer

accura(.y  all(l t,ll(:  sol(I  sollrcc  of Crlor  is dlle  to tl]c  c u m u l a t i v e  cff’cct  of roundoff.

O u r  llulllcrical tccl]]]i[]l][:  call t)c 1’C~ill’(lCd  as a rdillclilcnt  of existing :Ilct}lods  t)lat

h a d  }mcl) w i d e l y  usvd lry dyllanlicists  for dccadcs-  scc 53. ]n ~mtt,icular,  out coll-

tril)tltioll  to tll(: 111(:I llo[lolop;y”  has ]Iladc  tllc a c c u r a c y  fornm]y  ava i l ab le  mlly  0])

s~j(:(:itil-]jll]’])os(:  c:ol]ll)llt(:]s  [i.e. t,l]c 1 )i~,ital O]rcry cx])loitcd  by Sussnlall  a]ld  Wis-

d(HIl  (1988)], ac[wssil )Ie to a]lym]c  with access to lnodcr]l workstations. l~’urtllcr,  wc

h a v e  ]mforlllc(l  (11( (:ol]ll)~]tfz~tiolls”  to llliuimizc t}lc  accrued roundof]” so tl)at such

error will ~lot llr]]l(:(:(:ss:ilily  co]]tr:]l-~-li]]at(:  tl]c  outlco]ne  of our invcstig;a,tioll.  WC lmvc

})crforll]c(l  o~ll illv(::;tip;:ltlio]ls  c)vc] a l)criod of 109 y e a r s , a. period extending WC1l

1 wyol)d  the early dyllal]]ica]  cvoluticn]  of tllc solar systclrl.  Ncvcrthchs,  wc  have

vdidatcd  O(II i]lt(:~,]’iltio]l  sc}lc~ncs  by sl]owir]g  tl]at ]ongitudc  e r ro rs  in tllc m a j o r



Ju@T/S(I iII.YYt l~i(:i’l(LS Page 4

pklllct!s &l’()\\’ 1)() f’:lstlcr  tlla]l the t,ilnc t:3J2 and the uliccrtainty  in their p o s i t i o n s

after  OIIC I)illioll  y(:ars is 1(:ss tlhar] 1 0! ‘1 b preserve the essential physics of solar

systl(vll ori~il),  o(lr illv(!st  igations  l]avc bee]] fully tlllrcc-(li)]]c~lsio]lal  and incor]mrate

the full gl’[lvit:ltiol)i~l  effect, of all of tllc Jovian l)laII[!ts: JuI)itc!r,  S a t u r nj lJranus  and

Ncl)tunc.  ‘1 ‘1](: (:ff(x:(  of tllc tcm!strial  planets on the depletion of cnrtcr  solar system

nicllcs  is l~cglip;il)lc  dllc  1(J tllcir slllall  IIlass and high  orbital fr~!qucllcics-  apart  from

tlllcir  ti]ll(:-tl~’(’):lgc!(l  i)lflll(!ncc thm!forc we illcc)l~}c)lflt(![l  their  masses ilh that of

tl]c  SUII. l{t:latfivistli(  il]l(l ll(J11-g,1avitJ21tf  i{)11;ll (! fl~!cts arc also igllcm!cl.

‘] ’llm, t,ll( (ils( l)l:~jor  difk:rcllcc  bctwcm]  the ]}rcscrltf inv(!stigations  and that  o f

its ])rcrlcccss(~rs rcsi(lcs  ill its vastly im]movcd  accuracy. ‘1’llis,  of course, had the

]nicc of illcreasml  (’[) lll])lltilt  iollal tilnc, l)utl  \J7c were a b l e  to Cx])]oit  the availal)i]ity of

1(1 lli~~l-])~:lfi)llllil]i((>  1 lc~vl(:tt-]  ‘ackard  workstations in the cxccutic)n  of this ]~rojcct

(50 lvo]lts(:lti(~lls lVLIIC lwml in tllc scql]c]).  Our lllctlloclolog;y is also, to

conlll  Iol Jly clll]~lo}’(~(1  l)y colll])utcr  sciclltlists, ‘{cI1lt)alassillg;ly  parallel”

conl])utaljl(’  01) tll~’ \Imv \clleratioll  of IIlassivcly  paral lel  com]mt,  crs.

USC tllc! tcl”nl

and directly

‘lll](!s(  lli~llly  ii~:(:~lli)t~ sill]ulatiolls  can lm USCX1  as abcncllmark  aga ins t  which

wc t(!st otllm a])l)roxilllatc illt,cp,ratioll scllclr]cs. Our integration schcxnc,  since it is

exact to nlacllillc  pr(:cisioll,  is a postcriori  sylll])lcctic, using the ddillition  of F’cnp;

(1987,1995). Si[\llifi(:il)tl\,  \\' C:llavcf() llllCl[lll alitativcdiff(  :rcllccsbcLwc cllollrrcsLllts

a]]d tllos~:  ol)t  ail)cxl  I)y otlllcr  ilwcstligators wl~o c]nploycd  l e s s  a c c u r a t e  sy]n])lcctic

illt(:~)l:ltols. It is Ilottxvortllyj  in tllc llulncrical  a n a l y s i s  and symplcctic mctllc)cls

l i terature,  t,llat (Jt}lt:lsll:\v(  :cC)llfirlllL:(l  tllc])loljlcI]lsc  )fusirlgs  yl-IIJ~lccticl  llctlloCls-

cs]mcially  (Il](m clllpl(ryil\p;  large s t e p  si7jcs- in nearly-chaotic cl-lvizolllrlc~lts.  Scc

Sallz-ScrIla  a]ld  (;a]vo (1 994) for a review.

MOI.C rccmltly, [ ,cssllick (ncc }Iabcrkor  l], 1996), in hcr dissertation, has shown

tha t  sylll]~lccti(  ]l~(ll)(xls cau cause ])lallctesinlals  tmivcling  in the ncigllhorhoocl  of

sc])ar:ltriccs,  wllicll  dist,illg~lisll  qualitatively difl’cmnt  clynalnical  regimes, to undergo
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ILoll-])l]ysictll  l-)iflllc’:tlit)]ls  ill t he i r  lm]lavior. 1 msnick also shmw!d that  synl])lcct,ic

IllCtlll{XIS  i~])])li(!(l  1 () Ililllliltf)lli:lll  SyStClll  S Call  lllakC int,c~;ral)lc  ]JrOl)l(XllS-  sllcll as thC

Lwo-(:(!lltcl’  ])1’01 )1(!111  and tll(! Stlal”k Cfl’cct!  pl’ol)lc!l1l- appcar chaotic. Wc will prcsenll

ill a flltlll”(!  ])il])(’1’ (1)(’ r(’slllls of a (Iotailcd  ~nctical  investigation illt,o  the differences

b(:tw(x:l)  s~rllll)l(x:ti(:  a]i[l lll~lltistcl) illt  cgrators  (Grazic!r ct al. 1 {KM; Ilabcrkonl  N al.

1 9:)6).

A IIotll(:l ]i]:ljol  (Ii fli:r(vlc(: 1 )ctwc{!l) tjltis work aIJd that, of its ]m(lccessom  is t,llc

]01(:  of’ shitist  ics a]]{] t 11(: alq)licatioll of kinetic thmry. lttarlicr  work by ourselves,

a]]d l]lal)y otllt’r  XH)LI]H, {wllsidcrcd  llutldmds  of ]mrticlcs  in lilllitcd  surveys  of t,hcsc

llicllcs,  all(l ])r(n’id(xl ill~lxwtlantl  insip;hts into tllcsc Inxmsscs. }Iowcvm,  firlll cm]-

cllwio]ls  c:lllliol 1)~’ (lli\lvll  frolll tllmc initial  cfl’orts  dlw t o  the “statistics of sIIIall

IIUIII1)C1’S”  (h’(nvlllal] (!t a].. 1989, 1992, 1994).  All cssmltial feature to I)c rc!nlm]ll)crcd

fl’0111 Silll])lC  l’i(ll(l~)ll)  Itrilll< 211’:lllll[!l)tS  is, for situations co]n]mscd  of N ‘“cvcmts,’)  that

t]Jc prcvailill:  llllccrti~illty  is of order lV1/2  (~llal~(llasckll:tt, 1943). Acco]”dinp;ly, t]lc

rclatiw  ul)c(!rtaillt,y  ih of” 01[1(:]  N - l/z w])ic]l  1.cIIC1cqs sulvcys  wit,ll Only llulldl’cds  Of

Cvc]]tfs to IN’ il)ildccl~h~tc  for ])rccisc  s t a t i s t i c a l  infcrcnlcc. (Mel -cmr , thrc could

exist llamnv lli(ll~:s  of staljility  that  would h ]nisscd  ljy cozmx!  survey s.)

WC l]aw! c]]l])lovw~  I i)orc tlllall  100,(K)O test partic]cs in t,lJc ])rcscntj  survey of the

.J~]])it(:l/SiitlllI]  x011(! :1]1(1. ill th is  ]m]m’s SCX]I]CI, 10,000”  each in tllc Sat~]ll~/lJ]:~]~(ls

and lJI’tl  I1lls/lRT[)]  )tllll(:  Zoll(:s. A s  a COIIS(!(J1lC1l(X!, wc arc i~l a  position  for tllc first

tinlc to (lra~v  statist i(:a]ly rclial)lc  col)clusiolls  from our investigations. While tllcsc

s t a t i s t i c a l  rcsllltjs  ofl”(nc(l ]]0 fll]](lillll(:lit)~~l  surlmiscs, tlhcy d id  SI1OW sor]lc order-of-

lllagllitllldc  (]lli\lltitl:ll  i\’C  di(lcrmlcc  wit]} ea r l i e r  work,  for cxanl])lc  in the ])articlc

dc])]ct)ioll  rat~’ found  ill t)llcsc  nic}ms.

1

11s tlo

ten]  i

owmm. as wc will s}lortly  Slmw, our clramatically  improved stat is t ics  al low

S]](NV ()]Ic as]xx:t  of 1 lallliltcjl)ian  cl)aos  never before olmxvecl  in solar sys-

Ivcstigat  ions,  tll(: ]msiblc ill]])rillt,  o f  a ‘( fract,al”  geometry (formally k~lown
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a s  ‘( fractal  I)asill lx~llllclarics,” sec for cxaul])le  ott, 1{193) in the  u l t ima te  fates o f

the test part i[lt:s. (li~wl] tllle rclial>iliijy  of our statistics, wc fcltf  it important that

wc develop a st:ltistici~l  mechanical or kinetic thcmy which would provide an ab

inifio  Collfil’ll)iltit)l]  t)f ollr  results. Ilcrc, WC build on th(! tlhcory  dcvclo]md  by ~llall-

drasekllar  ( 1 943) ill st ollar  dynalnim,  S])itzcr (1 962) in J)la.wna physics, and Stewart

al]d Wctl)[!ril] (1 9&S) ill solar systmn  dynanlics, iucorporatlillg  the gyoxIlctry  of tllcsc

S[)lik]’ S,YSII(!III llidlc’s. ‘J’llis,  too, wc have done ]mvidillg further confirlnatio]l  of our

IIoulillcar  (lyll;~llli(:ill  rcslllts.

2. 1 ‘IU3VJOIJS  WOILK

1]1 1973 Ixv:ar  and  T+’YaIIkliu  (I]crcaftcr  refmrccl  to as I ,11’73) examined the rcgim

fro)n  5.72 AU to 9,1 (I AIJ for 6,(KN years using a II] O(lC1 which integrated  initially cir-

cl]lal ]mrtlicl(:  f)il)itjs, IJllt ]Il(]dclml  ,Iu])iilcr  al)d Saturn allalytical]y.  ‘J’lIcy  conc luded ,

had this rc~,ioll i nit i.~lly lwcn  ]m])ulatcd  with plal~ctcsilnals,  t}lat  it would quickly h

[1(:])()]  )lll:lt(!(l 011 a tilncscalc of a fcw t)llousarld .ycars- with tl]e  ]Iossible  cxcq)tion

of two IH]IILIS  at 6.$ AU a~~d 7.5 AU. 1]] the sanlc  year l;vmhart  (1973),  al though

]~rilllarily  intm:stm]  ill “J’ro,jal)  aIld llorscsl]oc  orbits, used a similar mode]  and found

two ]mh)tial loll~;-lif(  I)ands  cm]tcrml  at, 7’.(XI AU a]ld 7.58 ALJ. While ackuowlcdg-

illg tlllat a far I))orf: (:x! mlsivc survey was  rcquir(!d  to gain i]isigllt  on lifctillm, hc felt

it I)rolMl)lc that ]Io orl)its  ill eitllcr  of tllcsc ballds  wm!  absolutc?ly  stable.  Franklin

ct al. (llcrca  ft (H. r(:fvrrcd t o as }“1 ,S89) cxtc]lclcd  tlmir wcnk frmn 15 yin-s earl ier ,

and cxilll]illcd  tllc  lifctillms  of ]mrtjiclcs  wit}] initially aligned a])siclal  lil]cs and sclni-

lrlajor  axes  l)f:t~v(!(!n  7.(1 and 7.5 AIJ- tllc long-]ifc  ba]]ds f r o m  1,1”73 and h;vmhart

(1  973) .  ‘J’hcy folll)tl  tl~at  I,odics wit]] llig}~m cxccvltricitics,  a],],r(,xi*ll:iLillg;  tlmw of

Ll)cir  Ilcig;lll)orillp;  ])(:rtllrlx!rs,  l)ad  somewhat lm)gcr  lifct(imcs than ~)articles  o]! more

circular  orl)it,s. 1~1 ,S89 collcludcxl  tllaf it, was ul]likcly  that low-incl inat ion bodies

survived lIIOYC tllilll 1 [)7 years bctwcml  tllic  two planets, but, llotlcd  that bodies on

illclillcd  orbits  l[]:ly survive solncwl]at  longer. 1 hlncan  et al. (Ilcrcaftlcr  rcfcrreci  to as



1  )QrJ189) dcvcltJptId  a t w(j-]jlallc(  ~l)aIJIJillg  t,l]at, tlI)l~l(jxil~l{llc;d  th rcstrictmd  thrcm-

body ]Ml~lc]]I, :11](1  IJx:llllincd  {Illc zones bctwccn each of tllc outlc:  p]ancts  for up to

tllc Iifctilll(’  01” (Illc  soli\I systmn (4.5 Gy). 1]) Lhcir nlodc], planctfs  were cm) firml to

circu]ar, ct)l)]aIIaI’  {)r])i(s: test  ]mrticlcs  had s m a l l  ccc[!lltricitics,  but, WCM! similarly

coplHnar.  l’;~rticlr  (nbits  w e r e  tr(!at,cd  as+ Kcplcrian, cxccpt at colljullctions  wllcrc

tlhcy w(!rc ~ivt:ll i l l ]  illl])lllsivc I)cl’tllll”l  )atioll  and llCW orljitfa]  CIClll  ClltS Cal CUlat  C[l.

lh!t\v(Xvl Jll])it (’1’ :Ill!l  $hltlll’11, l) Q’J’89 folllld  that all orl)its bccamc ])l:lll(:t-clossirlp;

witllil]  107 y(:ars: ]]](w1 Tvcrc ]Jl;lll[:tJ-(:lossiIl~,  witlhill  I ( F ’  y e a r s .  l’inally,  they notlcd

t,]]at t]](~ “’slil])](>”  ]), III(]s  at 6.8 iIII(~ ?.b /~lJ f]~)l[]  ],]{’73  WCIC l}robal)]y  lllIstablc  for

dllratiolls  p,l(:i~lt’r tllall  10(; ycats.

l’;ln])loyillp,  :1 tll)t(-(lil~](:l~sioll~il  ]]]odcl ill wllicl) tllc SuIi, ,Ju])itcr,  aIId Saturn

i[]teracml fillly.  \l’(:[lN>l  (’( a l .  (1990) -  l](!r(!aftf!r  mfcrrcd to as WKN90- illtcgratcd

the  tr:~,jc(ti)rits  01” .2.5 t(xi part icles,  usillp; a sixth order Aarsctll (1972)  and All-

lllil(l  /111(1 ~[)11(’11  (1(.7:\)  5C’IIC1ll(!. Corlfillili?; tllcir intlcp;ratiol]  t(~l[)lv-illcli]]atjjo~l,  l o w

cc(:[:]]t]itity  (Jrl~its  i[l [IL( ItIIIgC  fro]]) 5.7 to 8.8 AI-J, t h e y  found tha t  a l l  but, tllrcc

]J:~ltic:l(:sl) (:{:i]l)l(]>l i~])(i-(r()ss(: Is\vit,ll  ill 105 yc:]rs(ll~c~stwitllirl  104). WKN90~lotcd

tl][~(tl lc:l()llg[~~-li\(  :(lc))lJ itstc))(  lc(lt[~fl:  illkc()lll)  ~~cl)s~lr~\l~ilitics.  ‘I’l~cy  alsoco]lclu~lccl

t}latl  a trllly illoro~y;ll”  scarcll  for stal)lc orbits ill this rcgiol]  required a s imulat ion

with ll)l]cll  I:lIE;PJ  r:i]lg(:s il] Cf’ccl]tricitly  and inclinatim]s. lJsing  the same mode]

as 1,1’713, S(J])L:r  (t ~11. (1<){  )0 )  llsMI tllc dyllalllics  of tllc Jll])it,c~’/S:l,tull~  Y,O)lC as a

Imckclro]) to t(!st lI(t\v  moIs ill l]l]lJ]crical a c c u r a c y  call cflcct stab]c orbits.  ‘l’lIcy

also lookc(l  to Iil](l  ~:l’itl(’]iil,  s)lortl of lolls intcgratio~ls,  to id[nltify  orbits  w h i c h  arc

])ot(!llt,ial  ]jli]]](:t-(:]fjss(:ls. [Jsing;  a fourtll-order sylll])lcctic  ma]q)ill.g, dcvclo]m]  by

(;alidyal](l  J{ozllJl]s (1990), Glad]nan aIId I) IIIICaI-I  (1990)- hcreaftcrrcfcrrcd  to as

G])!)() i]ltt:~rat(xl  tl]c tr~t,jcctorics  o f  9 0 0 ”  ])articlcs  bct,wccn  6.76  ancl 8 .06  A[J.  111

tl)c  Glad]llall all(l l)ul~call  s~lrvcy,  tllc SuIi,  Ju])itcr, a n d  Saturn  wcm mutually-

illtclactin:;.  “Jllcim was  tllc  first study w}lich  uscxl clc)sc-a])])roach  as a crit,cria f o r
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rm)ovi~l~  :1 ])ill”tli(:l(!  fl’olll  t he  sinmlat)ion.  as  Op]josccl

illg, as i~l prm’i(llls  silrvcys  (fllltlll(!rll)t)r(!  they rcmovcxl

l’age 8

to ]ncm]y  p]anct,  orbit  cross-

any paltic]c  lcavillg  the solar

systcll  l)- tll)c  illtl(>clll[:tif)ll  (Jfi~clc)sca~)llr(jtLc]l  c r i t e r ion  (Ii(lliotsigllificalltly  aflkdct

tlllcir  dc])lctlioll  tilll(!s(:a](!. a result paralleling 1%S89.  “J ‘hey were also the first to cx-

anlill(’ tllle  101(: of llol]-llc~ligiblc  inclinations 011 dq)lcticjn  times of partic]cs bctwcxm

Ju])itcr  il)~{l  S~\tll]l]. lk)tlll  the inclillcd  a~ld illvarial.)lc  ]dallc  populat ions wc!rc, thy

olwcrwxl, (I(q)l(’t(xl ()]] 105 year tilnc-scales. l’imlly,  llohnm ancl Wisclo]n  (1 993)-

hcrcaflm 1 IW7$H I]SC(I  tll[!ir  synl])lcctic lna]j])ing  tcchniquc  (Wisdoln  and IIollna]l,

1991 ) (,() SUIWY t 11[: illv;lrial~lc  ]Jla]Ic for stal)l(!  orbi ts  in tllc rallgt! frori~ 5 to 50 AIJ.

‘1’hc  SUII. and for t]]c first, time al] of tljc ,Jovian  ])lallcts, were ful ly-interact ing ill

tl)rcc dilll(!llsiolls.  All t(st  ]mrticlcs were  OII initially  c i rcu la r  o rb i t s .  Collsistcnt

wit 11 ])rcviolls  st Il(lit:s, tllc  ma jo r i ty  of tllcir  tmst Imrticlcs  bctwccnl  ,Jupitcr  and Sat-

urlk wm: clilllillal  (d 0]] 1 (V- to 1 (F-year til tlc scales (all were mnovccl  by 106 years).

(lf tlllcsc vtlri~)lls  in\  w+tigatiolls.  tlw orms Inost rclcva))t t,o tllc ~)rcscmtl  ilm:stigaticm

l~y virt~l(!  of” t ll[ir  ~l:l(lrrlyil]p;  ]jl]ysical  dcscri])tion  arc WKN90 and G1)90  we w i l l

fbcus 01] t 11( l~ltl  (u ill our de ta i l ed  com])arisol]s. A n  cnmvicw al)cl  cmnparison  o f

])mvic)lw  sill)lll:ltioll  cfl’orts  is givml ill ‘J’ab]c 1 .

W(! IJOI\r  l)l”OVi[lC t~ hl”iCf  C] CSC1’iIlt,iOll Of t]l[! Col”I-l])Ut,atiolla]  lllCthods  el~l])l~y(!(l (a

dctailc(l  illl(l lll:ltllf~lll;ltlictllly  rigorous dcwclo]JlnC1lt  - of the mcthocls will a]q)car  &C-

wllcrc),  and tl](:l] P;() 011 to provide  our rcsu]ts,  including corn] )arisons with existing

w o r k .  1]) [)111 disc{ lssiol  L. wc will i]ltroducc  rc]cvantl  s tat is t ical  ]nechanical  deriva-

tions  and colll]mrisolls  with our llulrlcrical  r e su l t s . lm])ortalltly,  WC will rctum to

Lllc tllc]])c  of l)liillctcsil]lal  dynalnics  011 tllc e d g e  o f

tliolls  gcrlllaI]c  to f~ltllm illvcstigaticms  in this field.

3 .  M1!I’I’IJO1.)

c}laos al~d make rcco~nmcnda-

‘1’]le il)t(:glat,ioll  lllct  lJo(l wc Crli])]oy was first dcvclopcd  by Stbrmcr  (1 907) to

i~lt,cp;rat  r t IIC tli~j(~(.[,olics  of charged ]mrt,icl[!s  in a lnap;nctic  ficlcl  (in ~)articular the
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Aurora  ]~ol[~il]is).  a] L( I l]:ls a ~vc]l-(:st;ll~]is])(?[]  ]jcdigrcc alnOI1g ])]mlctary astro]]omcrs.

A clos(:ly-rc:l:ll  (:(l li](!tl)()(lology  was w-d by ONcll to dctcmline the orbit  of 1,ysit,llca

( t h e  ciglltl) I]I(X>JI of .Iu]jitcr),  l)ut its nlorc w(!ll-kIlowl]  a])])lication  was by ~owcll

and Gwll)lll(:lill  (1 <~J ()) (O ])rcdict tl]c returli of conld  l)/llallc<y.  As is  Lx!st put,

by llatc, Mll(:ll(:r! al](l Whitr(!  (1971), b(rl’llis  lnctl]od ]]as lMX!]I ‘rcdiscov(!rcd’ ]nany

tlill)(:s  ill l))all~’ fol]l:s...’” sill(:c t,licn (Nu II]crov 1924, 1927; Manning  and Millnlan,

1938). ‘1’llis  (1:1ss (1~” ]II(Jtll(ds wcut il)to a (Ior]llant state, l)ut s aw  a rcsurgc!ncc  in

tfll(:llli(l- l[J[i[l’s Ilirollpjl  tll(:eal]y  1{)90’s, l)cc[)lTlillp;  tllcstallclal(lil  ltcglatjic)ll  lnctl]od

for C(:l(%tiil]  111((’lltllli(s. ‘1’11(!  Cow(!ll  IIlct,llod was USC(1  for kHlg-t(!rI1”l  solar  s y s t e m

irltjegra(iol]s  IJy (701]e]t ct a]. (1905, 1973),  but this class of methods reached its

lligllest  ex])r(ssioll 11]11](:)  A])])]cp;a(,[:  et, al ,  (1986)  a]ld t}lml  Wisdolll  a n d  SussIJla  Il

( 1  988) usil]p;  (1][ ,]1].l~l]ll]~lc-~,lc:cisic,ll.  ],21r:lllcl-l,rC,c(:ssi]lg  I)igital  orrcry.  l~otl,  con-

Cul’l”ellt’]y  tlll(l  Slll)s(’( 111( ’lltly, ]na]]y ot,ller astjrollomica]-  a]]d ])lmlctary  dyllal]licists

0111” simulatlio]ls  is a rollllclc)ff-~ll  il]illliz[:cl trullca-

sttil’lllcl’illt,cg~’jit,[)l’  (Nmw]lallct  a],,  ]{]{] (), ]~~~,

1995, IW(i;  11(:11  e t  a l . .  1994: Goldstlcill,  1996). ~’llc alp;oritllm  w a s  cx])resscd  ill

l):]ck\v;l)(l-(  li{l'(:l()l((.  sllll)]))[:[l-f  [)lll]il)c)l(  lclt(lr(:(ll  lccrc)llllcl[  )fl`acclltllLl  latlic)ll  (Ilaircr

et al., 1991). \JT(’  c]]II)IOJ’CC1  a tlilllc  stq)  of r= 4.24 days wl]icl]  wassuflicimtlysl  na]l

top;ll:ll:lllt(:(!tlltlt  tll(J((Jlll])lltJtlti()  ll()f:~ll]'])a lticlctlaj  cct()ly\vitll  eccc~lt,ricity <0.5

would  Iw cxaci  to (Iolll)le  ]~rccisio~l  Co]r-l])utcr  a c c u r a c y . Sillcc tlm  integration was

exact to l)]i~(:lJiI]L)  ]~rc[:isiml, it cal I bc! Iwgardcd  as a posk7zorz sympledic  ill the

S[!l)sc of Fcllg (1987  1995),

l’ollowillg”  Ijr{mxlIIres  rolltfillely cIrlIJloycd by cmnj)utcr sc i en t i s t s  to IIlinimize

tllctlc(:lllllllltltioll  of l{)~l~l[l[)fl’cxlc)r  (e.g. lliglmm, 1993, 1996) wcclcvclo])cd a]mcc-

durc which ~vc call ‘“sigllifi(::ll  lcc-[~r(l(!lc:(l  cc)lll])[ltatio]l”: wllerc all aritlllnct,ic opera-

tiol]s  ar[! gmI]I)cd  a([:ordillg  to tflle IIlag;llitudc  of tl]c floating lmint  ]Iu]nbcm  involved,



l[::lst-sigllifict~ll(  bit illfommtion  would  not h unncxmssarily  lost. ‘his arith-

)r(l(:ri]]p, I)I”()(w(lIIN’  was cIII])loycd both ill tllc fiIIito diffmmm mq)llt:ltiol~s

as ill 111(! (:alc~llatioll  of the gravit, atio]ml potm]tial  a]]d forms,

‘I’()  t e s t  t  11(’ il(”(lll’il(j’  of 0111” illtcgratioll  Illct]lod, WC ]K!rfOllllCd  tWO diff’crmt

ki~]ds o f  (CSIS. l’ilst,  \vc ])crforlllcd  a  lilnitccl  survcy- so that statktlics  would lw

avail  al)]c of t M-(E1  )[)(ly  Kf!])lcr  ]no))lc]ll  jl)tlc~,  rations  for 1 () lnillion  orbits  fol orbits

wit]l  cccc~lltli(:ity (). h (il ])rol)lcll]  col}tainjllg  a very wide distlril)utioli  of tilrlc scales

coIII]mrc:d  to 11101(I 11(::111)’-cil(:~ll~ll  ])lallctary  orbits). ‘1’llis  test survey was ]mformcd

usil]p;  16 i)]{lc])(:l}(l(’llf  ]IIIM so t]lat avma{;c  aIld  root mean squared (ILMS) l)rolm-tics

of  tllc il)tq;rators  c(;uI(I lx! cstal)lisljcd.  (Ivc!r  16 ru]ls  tlw ILMS longituc]c  error aftc!r

1 0  nlillion  orl)its  was  1.4 x 10-”3 r ad ians  (F’ig. 1) and I{MS relat ive cncrp,y error

1.() x 10--11 (1’ip;.  2). ‘1’IICSC  tests  s]lowcd  Lllatj the error ill tllc mlcrgy  grew as t1i2

a]ld  tllc cIrrcJl il~ ( 11(’  lollp;itjudc  as if:~/z, wll(!rc t is tllc e l a p s e d  time. 1]) otllcx  words,

tlllc  :l(:~:llltlllltlt(:(l  cr]or was as would l-w cx]xxicd  in the absmlcc  of systc7itatic  error
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lod were hascd  u]mll  il]tcgratliom  of the outer  solar

SyStClll,  addillp; tll(:  l)lilSS of t,}lc tCl”J’(!St]’ial  ])lal)CtS to tll:lt,  of tJIC S1111, 14’01  16 diffcrmt

sets of il~itia]  c{)lltlit  ions  pplcratcd  fro]]) the 1 )11245 c]JllcI1lcris  (Standish, 1994),  wc

illt(cgr:il[!d  t)ll(:  (Il+i,j(’c:toli(:s  of t h e  .Joviall ]jlanctls  for a t i m e  illtcrva]  cquivalc!nt,  to

2’” Jul)itcr  oll)its, Tvll(:rr  T/ i s  all illtegcr Iwtwccll O and 2 0 .  At tllc cnd of cacll

illt,(:~;l’:lt,iclll.  WI: [Is(T tll(’ I)c~sit,iolls  and ve loc i t i e s  of tllc Sllll and plallct,s  a s  s t a r t ing

c o n d i t i o n s  to il)tcgrat e lMMiw)07ds  i~l tlilllc. ‘1’l]is  folc\vzll’(ls/l):~  ck\var(ls  integration

rcprm:)lts al)({ (:xc(Ill(Iril  lest of the i?hcgrator>s  ]mforr]]ancc  ill  a nonlinear rcg,in]c.

l~ig. 3 s]](j~vs t] (: relative RhlS c]]crp;y  error for Lhc mtirc system. WC: ca~l scc

tlh?lt’  tll(’ Cll(!l”p>y  (:1”1”01” gl”ott’s  as f.0””6, V(!ry nearly  i.] ‘2 , agaill  indicating  t,hc abscllcc

of syst clll:\tlic  (mmr g’(nvt  11. lip;. <l shows tllc l{h4S anr, ular ]msit,ion errors for both

Ju])it(:r al)(] $atll]l]. ~~ivcll  LII(: initial ~msitjiol]  for a ])lanctj ;~, a~]d its final ]msitliol)

j;, W(I (l(:fill(:  t 11(? a]:p;lllilr  ]x)sitioll  mm \ as:

“ “]’csi]](’:i;;”’)
If our  (x)~lll)~lt{lt  ions  IIacl 1)() tlrul]catlion or roundofl’  mm, we would cx]mct  that  these

ii)lc\v~II’Cls/l  ):l(:l<Iz’;ll  Cls illt(’gl”iltiO1)s  W{)ul(l  yield i; = i;. ‘J)}]m,  A is a useful measure

of tlllc  il(;(~llll  llllilt~(l  (:11’01’ })1’(W)llt ill thCS(! calculatimls.

WC IIlilk(t t] ICI (list iljctioll  lx!twc!ci)  allp;ular  ])osition  mm and tjm(! anolllaly  mm

sillcc,  ?1S w(: llav(I [It:fill(:(l  it,, the anp,ula~ ]msitlioll  e r r o r  i s  r(!fcrcllccd  tc) a~l i~]crtial

rCfC1’[!ll(”(}  I’1’illll(’, wll(:l(!as true allolnaly  error is rcfercncc to the ])crillclic)ll of cacl~

])lanct’s  orl)it a (Illalltity  which is l]ot fIxcd. W C also make tlm  distinctioli  lmtwcxm

allgulal’  ]msit)ioll  t:rr[)r ilN[l  lollp;it)udc  C1’rorsillcc tllc IJ)casurcmcllt,  of lc)ngitudc  WOII1(l

ilwolv(: l)lojc(tillp;  tlllc ~lll~;dill’  ]msitio:l  CI”J’01’

illdilliltioll  ol~<j(x:tssllc]l  ;is,lll]~itlcltirl(l  Saturn

tfll[! 2-1) l<q)l~v l’ro’1)1(:11[  ill tfll(: XY ])lanc a s

onto the XY ])la,rlc,  (thOUF;]l  for low-

t]l(:tj\vC)  alcv(!lyll catlyi(le lltlical).  l’or

above, lolgitudc!  error, true anomaly
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(nor,  all(]  illl~lllill”  ])osit  ion [:1’101  arc idcmt)ical

II] tl]{:  N-1 )()(lY  twits [Icscrilx!d  in l“ig. 4, wc sce that, for both Jul)itcr  and Saturn

tlw a]lgular  ]xwiliou  error grows  at a rate lCSS thali t3/2,  and aftc!r  221 Jul)itx:r  orbits

(IIcarly  25 l)lilliol]  Y(:;IIs). t llL: crms for Imt)ll  ])lancts  arc on the order of 2 x 10 -5

radians.  “J’llcs(I  tcsls I]ulllifcstcd  a qualltit)ativcly  similar behavior in the growth of

tl]c  lonp;it~l(l(  (’rror ol)taillc(l  ill tllc t\vo-(li~l](:~lsio~~al  Kq)kx  problcnn.  A  dctaikd

dcs(ri])(i(JIl of t his i~i[(gr:itor  is iJ] Goldstci]) (1 996) a]ld Nc;wnan d al. (1 996).

‘1’IILJ  lllo(lilic(l  S1 i;rlllt’r  illt(:grator is a Il]ulti-stq)  II Icthod (Ilcnrici,  1962;  Ilairm

(!t al., I{NI ) illl(l i s  Ilot sclLstarLillg. gil  start  t}lc ilItmgrat,iol),  wc used  a  f o u r t h

o r d e r  Iillllp,wl< llt t a Itl(’t  110(1 conll)incd  witl}l  l{ic]}ardson  cxtra])olatiou  (l~icllardsoll

and Gallllt  1 {)27:  l{ill(’tli(l  al]d ~;]m]cy  1991 ) for t,l]c illiLi211iz:~tfic)11.  IIlitialization  w a s

]mforlll[xl  ill cxt [ll(lctl  ((lll:l(lm])lc)  ])rccisioll  to clitnillatlc  all SOUKRS  of  t runcat ion

mld rolllldof]”  (’[’lot” :() f]f)ll]j]c  I}rccisioll mac]]ir][!  accu J’acy. } ly sum!ssivcly  halving

ti]])(! steps <III(I ill\( .ki]l~  llichardsoll  (:xtll[ll)olatioIl,” wc acllicwc convcrgcnm ill oul

nulll(!rical  l~q)r(w>llt  ilt io~i of tllw illitlial  ]msitions  to within  5 X 10- 17 AIJ (= 7.5

lnicrol)s!  ), w(:ll 1 J(l(YA’  t IIc I,llmsllold  of ])llysical  ]xxturbations  in a real solar systmn

Caused l)y s{ )111’(’(’s ~IIc]~  as coll~Ct,s :1)}(1  astC~Oi~]s, SO]EU” Wj]]cl,  solar mass 10ss, a n d

rclatlivistic  cil”~:(:ts.  ollr ])c)intl  is sinll)ly  t}]at wc Ilavc  a ]mrticulayly  eflcctivc so lu t ion

to  tl]c  initialization  l)IOIIICII].

‘1’lic  C(X1P 101 i IIesc calculatio]ls  w a s  dcvclo]xxl  in tllc ~ l a n g u a g e  and pcr-

forl]lcd  o]] cllwtcrs  of” Il(\vlctt-1  ‘ack;lr’d  workstat ions. ~’hougI;lI i]]itial ])lanctjary  ])o-

sitiolls  Iv(:l.c: i[lenti(:illly  l)lcsorvc(l  across  platf(mns,  each Inachillc ha(l a unique Set

of ]mti[:lcs  s(:le(:t  (:fl flo]]] tl)c  d i s t  ributioll  dmcribcd bc]ow. ‘J ‘his configuration  of

fast W{)ll<si:itiolls  a] I(nwxl  tw to silnulatc  a very large number of ].)articles in a rda-

tivcly sllortl ]mi(~(l  (>f tiltlc  (total  ru]l  t ime  was

J[l])itcl/St~tlllll  WJ1l(:).

0111” C()(l(:  fl”c(]l’m(  ly o u t p u t s  l’cstart  film

a])] )roxi mat c1 y three montl]s  for the

in the cwmtuality  that, dmukl  the



sj]Imlatlio]] lxI l]:)lt((

COrllplltlcr 1’(’s[)111”(’(%.

fol” a l l y  1’(!;1s011, i t  (al bc rcsmlkcd

l’Llrly  ill tjll(;  nlllllcrica]  cvolutiml o f

]mrticl~!s  ~vcrr ]~lw+rl]t, ollt])ut  fil(:s  wm! ])roducc[l  e v e r y  silnulatcd  10:i ,ycars. A s

l’agc l<?

with a mi]limal 10ss of

t h e  systelll,  wl)i]c most,

tjl’[!atc(] :1s 111:1 ss1(’ss.  all(l  Iv[!l’c Sul).j(!ct

])k]mts  :Is w(’]] :Is tll(: Sul). ‘J’l]c  S1111

tlial  ])lnllct:lry  ]msitiol]s  a]l(l vclociti(!s

to tl]c  g,ravitatio~la]  i~lflumces  of  t})c Joviarl

a]id  ])lallcts  wcm lllllt[lally-ill~  c]tictill~;. lrli-

wwc p,c~lcratcd using; J] ’I, cphcmcn>is 1)1{; 245

(Stal]dis]),  19{14),  i,,~(l L:,]cI) of the test ],articlc!  orbital  cle]nmlts  wmc rando,nly  sc-

lcct,cd acmrdi)lp;  to t 1][! follmvill?;  ])l~:scli])t,ic)  il, ‘J ‘llc Wt-particle scmimajor  axes were

Gaussian (listlil)llt(:cl  sllc}l  tlllat the average  scmilnajo~ axis was equal to t,l)c avcl’-

a:;c of .Jlll)it  (:]’s illl(l  S~lt  n]’]] ’s, alld  that, tllc 3a ~)c)ints (i.e. till’cc times tllc standard

dcviatioll)  of tllc (li:+tlil)~lti(jll  wcm coi~lcidc~lt  w i t h  Jul)itcr’s  a n d  Satuni’s  scmima -



jor axes. Sillc(: t 1)(! r(:~i(m of” illt  crest was primarily  tile zcmc bdwcxm  Jupiter  and

%tl]ni,  llc) illit  ial )Jnlti(:lc s(!lnillltljoy axes wcrw allowed inside 4.703 AU (tlupitm’s

sc~]]illlil,jor  :lxis Illilllw (1.5 A[J), outside 10.039 AU (Sat,um’s  scrnimajor  axis plus 0.5

A(J), or witllill  (;itl~t:r  of” tll~m pla]lc!t,  s’ ac t ivi ty sr)lmrcs  (I)anby,  1988, p. 267). ‘J’he

in i t i a l  illclillilli[)lw  wcr(:  sillliklrly  Gaussian  distlributcd  with an average  of 0°  and

stall  dal(i  (l(!Viill  iol] I )f 100. l’;(:{:clltll.i  (:itics wcr(! ran(lcmlly  C11OSC:I’1  from 0 to 1 froll] an

cx])ol)(:l)tjitil  (Iis(ril)ll{ioll  lvitll a]I c-foldinp,  collstlant  of 0.1. ‘J’llis  recalls that, partic]cs

wit]) (:(:c(III1  li(iili(~s  of {).1 oc(w]. with a 1 /c lower frc!qumcy  as tllosc with mmmtlrici-

tics (of 0.0. a]l(] so (JLI. ‘1’11(:  initial I)IMIS(: a]kg]cs, lollgitu(lcs of nodes, and lol)gitludm

of ]x:rih(:liil w(m) r~l!l(lolllly  sclcct)d  from a ulliform distribution] bctwccn O and 27r.

]la]ldolll  llll)])lmr ~(]l(>]ilt io]) w a s  lmforlncd  using ]nwcedurcs  (RAN2, EXPDEV, and

GASDEN) f’1’olll  ]’1’(%:  [!1 al. (] 988). I1]])ui,/out])ut  was done ili lwlioc[!ntfric cxmrdi-

lla,tcs ~vllil(’  tilt’  illtc~l~ltions  W(M Imrforlll<!d  in a barycmltric  fral]lc  for  a l l  b o d i e s ,

illclu(lillp, thr SIL]I. ‘(l]c latter provided 11s with aII additio~ml  accuracy check ml the

ccilt~:r  of” ltlass’ ]J(jsil  i(jll  al](l velocity.

in t l~is sill]l~l:lt  ion. a t(:st ]mrticlc  was considered to lx: eliminated if it met, onc

of  tlllrcc clit(v’ia. l’i]rt  iclcs were rml)ovcd  fronl  collsidcratiml  if they undcmmlt  a

cIosC-CI](:OI1l)l  m all(l ]msscd  wit)llill  tllc a c t i v i t y  s])hcrc of a ])lanct. IIcm, wc usc!d

tllc IIlodificd  d(fillit  iol) of activity radius fro] n lIollIlan  and Wisdc)ln  (1 993), namely

Wl]cl’(!  7)/,, i s  tllc  lliass  [d” a  givcll ~)lanct, and a[l its initial sc!]llimajor  axis . 111

corltrastl,  it is not mvortlly  tllatl  ~1 )90 clrl])loyccl  a sI)llcrc  c)f il]fluencc  with all = 30%

larp,[!r  ril(lilw. A  pt)~ti[lc  was c.o~lsidcrcd  [!ject,ed  fm~n the solar  system, and thus

rc]]lovccl froll) tll(:  sillllllatlioll, if (1 ) it had positive energy relative to ihc Suu and

all of t,l]c l)lal]cts,  (2) it h:id llclioccrltric radius great,[!r tha~~ 50.0 AIJ,  and (3) tllc

l)rojcctliol~”  of its ~~clt)city  ap;:lillstj  a radial li~)c from the Sun was posi t ive,  i.e. was



011  a n  Olltll)ollll(l  t’ra,j(l:tory  Wit!ll  i’ . v > 0. Wc i n c l u d e d  tll(! third  ejection  crit)criorl

lmmusc wc r(x:f)~lliml  llIc lmssil)ility,  allmitl  Sn]alll that an i n c o m i n g  part,iclc  on a

IIypcrlx)lic: (ulllN)llI)Ll)  orl~it  could, tl]mugh  I)kl]lctary intcractfio])s)  IOSC e n e r g y  aud

Sutxqllclltlly  1)()( ’()111(’ 1’(!1)()(111(1  (1’lvcrhart,, 1 968). ]“i~lally,  if a lmticlc  calnc witl]in 1

AIJ of tll(: SIIII. W( (il(~llat(xl  its ]mrillclit)ll  distance. If this was less t]laIl  1{s”,,, tllcn

tllc Imrticl(:  lV;IS (Jlil]jillal(’(1  fro]]] Ll]c sill)ulatiol]. It Should k! Ilotccl  that, thl’c)ugllout

the clltirc 1(10.()()()  ])1111  i(l(! silllulatioll,  110 sucl] “sun-grazers” (Ix!vison  and Ih,nca]],

1 994) }1’(:1’(!  (1(’( (’(:1 (xi. (Ics])itc tlllc  additiolla]  mass of tjllc illncr ])lanet,s being added

t o  that 01” tll(’ SIHI.

‘J’llis coll(’llldcs  0111 (Icscriptioll  of il]c  nulncrical  II]ct,lmcls e m p l o y e d  in this in-

vcstip,a(io]l. .L lI]OIc (l(!t a i l e d  and collll)l(:llcllsiv(:  dcscri])tiol]  w i l l  tm found  clsc:-

whmc. W;r llotv fli:((t  {)111  attlmtt iol~ t o  t]]c rcsu]ts o f  tjllcsc  invcstigatio]w  of tlhc

Jll])itlc:l/S:l(lllll  z{)l)(!.

4 .  IU’ISIJITJ’S

l~s is (Jf”t(:ll  tl](’ C:ISCJ wlIm\  cxl)loring a llcw prol.dcnl  (or an old onc  usi~lg re f ined

tools)  tll~ illitiill ])ll:ls(’~)fc)llr  d~lta ;~l]:ilysis  ~vascx])lolatoly-”  totry  toidmltify  tlhC

difl”cr(:llt  l)(:rif)(ls  f)f’f>\’(Jlllti(]l)  arid Il]c rclcval]t.  ]Jl)ysics, ‘1’hc  ]d~ysical illgmdic!llt  that

wc I)(!li(!v( lllllst  l)c ((lltral to this I)M)IJIcII1  is kinetic theory, as al)pro])riate  to sclf-

g,ravittltill~~ systc)])s.  l)~lt otll[:)])roc:[!ss(:s”  could conceivably Lciln]mrtallt.  111 }“ig;.  5,

Wc ])101 tll(:  11111111  )(’r .) fslll\~ivillp,  ])lflllctjcsili l:~ls asa fuljctiol)  of tilnca.nd  ol)scrvctlllatl

tlllcl'C:ll"(!  tlll(:(l)i  \si((`vf )l(ltli()ll:ll`  y]) Cli()Clsill  tllis]moblcln.  F’irstfj  tllclci s:ltjrarlsiclltl

])llasc  asso(i;lttxl  \vitll tllc  start of tll(!  silllulatioli  w h e r e really l)lanctcsimals  am

quickly (:lil]lill;]lc(l  Ily citlicr tllc activity SI)lICWS  of .Ju])itcr  al)d  %turn,  m by virtue

of bcillg  01] v(!],Y c(’c>t:lltlic, CVCJ] ])l:ll]ctj-cl[)ssi]lg, mbits f rom the bcginninp;.  %cond,

tlhcrc is a p;l:~vit,:ltjiol)tll  rcl:lxatlion  ])l]asc wl]erc  Lllc survivill?;  pa r t i c l e s  undergo  a

ral]dolll  lvalk ill ]llf)IIII!IItLIIII  sI~acc, l)(!ilip;  scat, txmxl successively by gravitational

cucoulltcrs  frol]]  Lllc ]Jlallcts  u]ltil  tlhcy arc (!lilninatcd  a f t e r  i n t e r a c t i n g  w i t h  an



!J1/J@c7’/L5’(l  /’1/7”//  JW(:,’7 (!,s

ac t iv i ty  S]) II(UXI. (11“ ~w: lIacl (Iis])]ayc(l  tlic  rwults  in l o g - l i n e a r

scc an (:ss(:11(  itlll~’ ( x])oll(:lltial  d e c a y  during  t h i s  ])hasc  where
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fasllicm, WC? would

the  e-foldiI1g t,in]c

evolves ll]nw]r(l as th(! willllowillg  ~Jroccccls. ) Finally, tlllcrw  is a phase charactmized

by lol)g-livw]  ]):~rti(:ltx  t hat msidc cithm in tll(! Ilcighljorhood  of s t ab le  I.agrangian

p o i n t s  or. all)(’it  lws of’t ml. ill candidatlc stlablc  n i c h e s  (llcar collllllcllsllr:ll~  clitics),

or, ill clollp,;ll  (xl orl)its  \vitll v[!ly long  ]m.iods. WC llavc  obtained cstimatlcs  of the

c:-fol(lillg  t illl(’ s(tll(x  il])l)l’{)])l’i  iltlC  using a Ilolllincal  cx])ollcnltial  fit tc) t he  diflkrwllt

tilll(: lanp;cs.  IJllrillj;  tllr fils( ])llasc, cxtclldillg  ftwll)  tllc tilne origin to  3 x 103 yr,

to k! R 6.8 x 103 y ] ’ . IIuring  the g~avitatimml

x 105 yr, the e-folding time wm obserwcd  to 1x2

]{’ “1 q;rarlgian  nicllc’) ])hasc,  fl”onl  107 
y]” 011, the!

c-fol(lillp,  t illlc’  llilS  1 ,(?(’0111(? (! Xtll’ClllC!ly IOl]p; , Of 01’dCl” 2 X I(P yl

111 l’i,q.  (i, \v(I ]) ()\ri(l(:  all  illustrat  ion that dmcribcs  now tl}lis  s i t ua t ion  un fo lds .

WT(’ sllo~~  il (lilllssiilll.  sip,llifyillg  t,llc ])lallctcsima] swallrl’s  init,ial d i s t r i b u t i o n  in

scllli-lll:~,jor  ilxib. { lil llk~xl  l)y tllc  activity s])llcrws  of Ju])itlcr  and Satu]ll.  With the

irlitiatioll  (~f” tll(’ sil])~llat  ion, ltlarly of t}lc  ])lallctcsimals  will have  t r a j ec to r i e s  tha t

quid~ly  l)rillg  t 11(1)1  il)to tllc  ]xlth  swc])t  UI) by the ac t iv i ty  s])hcres  of Jupiter  a n d

Sat,llll).  l’r(wiollsly.  l’1, SS9 had llotlcc]  t,llatj  tllcrc was a 2% t,o 6$Z0 diflmcnce  bct,wc[:]l

tlic t illlr a Im]t i~lc”s (ml)it  lmarnc  ])lallct  cmssil)g; and clltly into a close a])pmacll.  It

is :~l)])r[)])l”i<~t(  t{) (lv-krilx’ t IIis illitiat,ioll  ])hasc  as a collision of %arxl  s])}lcrw” witlll

t)}l~: ])oilkt ])lilll(’t  (! Sil!l  ill ]mtti(:lcs. ‘1’llis  as])c(:t of kitlct,ic tl)coly  was firxt  developed

by (;lli~])lllilrl  a]l(l II]lskop;  slid  i s  clcar]y descxibcd ill the text by CHlapman  a n d

<knvlil}~ (197(1 ) :  tll( (:ollisioll  fmqumlcy v wuics as ncrAv whcxc  n is the IIumber

dcllsity  of  colli(lms  (i.e. Jlll)itm  arid Sa~urll), a i s  t h e “collision cross section” of

tllc collidm, ll~lrllc,ly Tl{z wllcm Ii is the radius = 0.34 AU of the two activi ty

s])l)(ms~ al]d At) i s  :1 III(MSUI(!  o f  t)ltc vclocit,y  diflk!ml]cc  bctwccn ]danetesima] and

])larlct,  ‘llll(!  IJII]IIIXI] [l(:Ilsity  is cstril~lat,cd  from the volulric  a])~)ropriate  to our initial





T varies as A ~’:i/7r71  (GAf ) 2. g’his cx])rcssioll  shows us that gravitational collision

tilrlcs  am s]]]t]llc:st  ~vl]c]] Au is smallcs~.  Hcncc, pla~)ctcsima]s  which  c lose ly  f l ank

tl]c  actlivit~  s])llt!l”cs  tw(:  illlloll~ tlllc  first, to bc dcflcctd into the path of tllcsc s~)hems

of i~lflllc]lt:(:.  l)l:lll(>l(!Silll:ll  IIlatmial closer to tllc ccntjcr of the ~xamsian  dis t r ibut ion

ill  lip,.  6 Itxll]il(  IIIIICI1  ]Ilolt  tilnc to coln])lctc  their landoln  walk into the path of a

Imwillp,  :Ic”t ivit~’  spll(wI. ‘1’lIc til]lc  scale ap])ropliatc  to the minimum mlcvant,  Au is,

in fact. :ll>l)lt)xilililt~:ll’  t I](? sal]lc  as tJlatl  wc d(!rivcd  for tllc a c t i v i t y  s])hcm.  (’1’l]at

shou ld  I)P D() sllrj)ris(’ sil)c(’  t,hc a c t i v i t y  spl Icrcs d[!scribc  a form  of form or vi~ial

lmlt~l)([,)  l\’lli]t is 11101(” illst,ructivc  i s  t o  cstimat,c tllc lifetlimc of t h o s e  particles

wllicll IIllwt I1l]LIC1:I,(J  t IIc gmatcst  cha]lgc  ill Av. As wc will scc later,  the scattering;

illflllcl](~!  of ,Jll]>it  m 011 ])l<~ll~:tcsillltlls  dr ives rrmly ]]carby pla Iwtcsilrmls  out to the

s])l]c]’c of i]]flll(’]l(e !)f’ Siiturn.  ( A  smallcx  IIUIIII)CI’  of ]mt,iclcs  am she] )hcrdcd fmm

Satlll]] illtt)  t I 1(: ])~lt;l  (J[’ .Jll])i tin’s activity sp}lmc.)  I“or tllcsc longest-livcxl ]mticlcs,

Au is silr~]jly  tl]c  (li(l’(r(:l~t ial velocity bctwcml tllc orbits of Ju])itm a~lcl Saturn, or

al)out /  Sil~cc  TVC wis]] t o  collsidm g r a v i t a t i o n a l  scattering by2.(; x  10- ‘~ .~.L’ l)y’.

citllcr J Il])itc:l  or St) tll]]). \vc: wil l  clllljloy  t)llc gmnlctric lncan of their 6’M’ mlucs,

O r  1.55 x 10- ‘.L\lJ:]/l)\’2. lVC  ol)taill, tllcmfolc!,  a gravitatiolla]  mlaxatio~l  tilllc scale

1.7 x 10r) yr. ill (l(E(: i~gmc~l]cllt  with our cI1lpirical  value of 2.o x 105 yr. ‘1’bus,  a

Silll])lc  liill(~ti(”  t ll(:ol’:~”  illl(l ideas fmlrl  Lllc statistical nmcllallics  of particulat,c Systems

and tll(’ (;C)I1lOI1)l)  fol(:(:  ]xm[litfs us to Lllcorc!timlly  derive solJIc of the basic features

o f  ollr Sillllllilt  iol]s! It is i]ll~)ort)ant  to IIotc tllatl tllc cvo]uticm  of tllc solar systcm

011 tilllc  scal(’s lc~llp; colll]mxxl  to 1 (F’) yr leads to cflc!cts,  sucli  as rcsonancej  llot

dcsc]il)al)lc  l)y silfl])lc killctic  tllcoly.
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ligllly  inc]incd  Lrajcctmics:

anguhw Inomcntuln  vector

LIIaII its llla~llitll(l(:. }Il]otllt:l”  cle]nm)t  of gcolll~!tlric  illtluit,iml  emerges  whcxl wc con-

siclcl’  t,lI(I rcl:{tiv(!  i~ll]x)rtt~llcc  o f  plmlct,csimal  clcfl(!ction by Jupiter  or by Saturn.

‘1’IIC  l(:];lt,iv(:  lIIII]IIN:I  OI”l)lilll(:t,[  :sillliilss\vclJt  away by LIIC activity spheres of Ju])itcu

all(l ,Siltlll’11 (lv]li(:l)  11:11’(! (!ss(:)ltlial]y  tllc salt)c radius) should vary as tllc ratio  of

Ll](: :llc:ls of tl)(: t~vo :Il}llllli  s~v(!])t  olltj by tllcsc two Jovial) ])lancts, a ratio of a]~-

proxilllat(’ly 1.(1:1.9  tl]is ]Jr(xIII)]ms(:s  a  ‘(syl]lln(:tlric” initial distribution between

Lhmn, ‘J1l)is is aII a~l(litio))tll  f(:aturc wc SIIOU1(l look for in our simulation).  I,astly,

our dis(’lwsi(~ll  (Ji kill(:ti(  tll(xwy has ig,lloml  tllcmlcs  of Uranus and Nc])tul]c,  which

llavc  /1 ml~lti\(ly  lll<l(l(vit  illfl~lcl]cc olI ])ltll]{~tc:silIl:ll  cvo]utioll. IIasically, the outm

,Iovial] ])1:111(’ls  (’illl  t i l l ’(’( t  t)llly  tlloso” ])ltlll(:tf(:silIl:lls  WllOSC sclnilllajor  axes and/or

cc(:(:]]tli~ili(b  lIil\’cI 1)(1~111  ])~ll)l]xxl  u]) so as to co]!lc witlllill  tllcir range o f  i n f l u e n c e .

‘1’l]m, altl)oup,]l llIii~]lIS  al]d Ncptmle have a slrlall  l)ut significant role, clcmcntlary

killc(ic  tll(x)l~  is illil(l((]\lill  ('tc)]JIC[liCti  ll~;tllCsi  llg[llargr  avitatiC)1l:il  c!vclltst}lat  call

])M)]N:I  l)l;lll(’l(:sill)tlls  into  tl)(!il  s])llcrcs  of iI1flucllcc.

11) 1)1(’\’iolw  IY(>I”I<. ill\’(wtjigatom sllowcd  ])lotls  o f  the  lifct)imcs of  all ])articlcs

ill Lll(:ir  surw~~’. (JV(:l tllf~ s(:l]lilll:~jol  axis ]allgc of illtcmst,  subd iv ided  into slnaller

intlcm:lls. ‘J’llis  is 11(, loll~(:ll)  l;lc:tli(:ill  lvllol]  yc)tlll:iv(!stL1-l-l]}lcs  wlliclllallgcflolll  1 04

tO 1[)5 ])ill”ti(’1(’S. ‘lo (lis])ltly Lliis il)f’(Jrlllatlioll  wc h a v e  Cllosml  t w o  forlnats.

7  S]IOWS t]~c lllil]illlll~l]  t]~l(l lnaxill]ul)l  ]ifctilncs o f  ])artic]c!s in o u r  si~nulatioIl

l’ig.

as a

function  of tl)[:il i]litiill scl])i)llajor  ax i s  ra]lgc ill 0.1 AU sclllilnajor  ax i s  illtcrvals.

Not/c: t]l(:  i“katll]”(:s  fl”olll  5.()  to ~.~~ All,  a n d  fl’0111  {).3 to  9.6 A U .  ‘1’hC!SC! CC)IYCS])OIld

to ])alti(l(!s lil)li]til]~~, i]] ‘J’lo. j:lll, ‘(llorscslloc)’, or ‘(tad] )olc” orbits with rcs])cct to

Ju])itm i~ll(l Sat u]]l,  r(:s]xx:tivcly. [)llly  65 ]mrticlcs  of tllc original 105 survivecl  the

fiwt  1(10 lllillioll  ~(!ill”S illt(:p;l;ltio~l. Of tllcsc, 57 w[m in ‘1’rojan orbits ,  7 were cC)-

orl)itil)~  wit]l  Silt,lllll. a]l(l  onc  W:M sit,uatml  at 6.6 AU. All ]mticlcs wllicll  ended the



JY[l)itc:T/,Y(lt(I  T tl Ni(:i) (:,s l’age 20

sjnn]lati(nl  i]) ‘J’roj:IIl (Jrl)its  began their  lives t,hcsc, and did  not, arrive at these niches

aS 0 l’(:Sll It 01” (l~llilllli(:ill  mrf~lllt}iol). The same is trwc of the Saturn co-orbiters,  ‘1’he

,Jupitcr  a]l(l S:ltlln)  c~)-orl>it(:rs  wmc m]]ovcd fmln the  s imula t ion  at 100 My,  bu t

tllc l)alticl(!  t]t (i.(~ ,~U survived  tl)c  intcp;mtliom  witfll i t s  scmimajor

uncl]:illp,wl I“ol OIIC l)illi[)ll  years  IIlaintlai]lil)g  i t s  s m a l l  ccccnltlicity

jllclill:ltio]l  (< 0.~15°).

axis virtually

< 0.075) ancl

‘III(I 1)101 of Ill:lxill]lllll  alId mini]]lull)  lifctilncs iI] I’ig. 7  con ta ins  oIIly l i m i t e d

illfollllt~tioll.”  ‘1’1](  ll){ixilll(ll]l  lifctilncs oftlcll  rqwcscnt tl}]c cluraticm  Ll]c silnulation  in

CXn]trasl  \vil 11 t Ilv til!l(~  SIJ[:II1 ill LILC .JllI)it(:l/S:~tlll.11  zone. As a~l cxanlpl~!j  one lmrticle

w i t h  all illiti:~l  s(ll~i)l~~~.jor  axis of 7.9 AIJ ac}licvccl a scn]imajor  axk o f  1 0 9 , 0 0 0

AIJ ((oll(’sl>c)ll(lillp,  t () o ])(rio(l of ~ll)])r(~xil]l:~t(:ly  3,6 x  107 ycam) but :Icvcrt,helc!ss

l’Clllilil”l  Pfl 1)01111(1  to tll(’ Soltll”  SJ’StClll. [)]] its nc!xt passage through the solar syst~!nl,

its orl)it I\’ils  ])[11 111’  )(:(I illl(l it w’as slll)s(!(lllmllly classified as cjcctcd. ‘J’hc fact tlllat

t]lis 1011(: ])?11’1  i(:lc sllll’iv(d  so long  ill tllc sj]nlllatioll l)cforc nlccting;  our cr i ter ia  for

clillljll:lti(Jll  is al]ot 11(:1 ili(li(:atiol] that. tllc l[laxilnum lifctilncs caIl bc mis leading .

Sill) ilarly, ill] ll]il]il]  llll]l-li!”(tillle  }Xlrticlcs for cac]l rallgc were rdativcly  eccclltric

all(l oj”tj(:ll  lV(:l’(’  ()]] ])lilll(’t -( ’rossillg orl)its from tllc ollsct of Lllc siII1ulatior-i.  111 short,

IIlaxillllllll  aII(l Illillilll{ull  value statistics can k nlislcading.

A 11111(11 11101( iilt’orlllativc  ll~(!asurc  of tllc cxpcctcd  lifetimes of ~)articlcs ill t}le

Jll])it(:I/~:~tl}llt  z[)]]( is SIIOWIJ in P’ig. 8. IIcrc wc cxnlsidcrd  the lifetime distrit.)utic)]l

i]] ca(:ll sclllil Ilt\,jor  il.<is  il]tcrval  aI)d idc]ltificd  tllc first ancl third  intcrquarti]c  rarigcs,

]]a)])cly tllc  til)l(x  lx:lf)~v  w h i c h

had l) C[:ll (!lilllillilt(:(  1. (Almthcl

]nwdllccd l)y ]jlott,il Lg; tll(! m e a n

dcviiltiol~.  ) A{\~lill, ~vc SCL: strwl~g

2 5 %  and 75y0, msl)cctivcly,  of t}lc ])lanetcsilnals

I-IIUISUYC  of statistical variability cou]d  have bccm

lifctil]lc  wi th  ‘[error bars” denotil]g  one stfa]]clard

features a( 5.2 aIId 5.3 AU corresponding; to 2Yojan

orbits,  l)llt  tl)c  illIt\l”~OLIS” features for %turrl cO orbiters have sharply decreased in

Inagllitll(l(l.  Also note tlIc dcI)rcssion  at 7.3 AU, corresponding to the Satunl  3:2
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mca  Il lI)ot  ion I(:S(JI1:III(I(I i]l](l I,lIC Ju])iter 3:5 rCSOIlal  ICC.

A ltl]o~lp;ll  it \w]s ())~( partic]c out, c)f 100,000, wc win-e curious  about  the condi-

tiol)s  III](lC] ~vl~i(:ll the ]Jt~rticlc  at, 6.6 AIJ mnainccl  stable al)d relat ively unchanged

tllmu~ll<lllt  t 11( c’l]tiw  1 ()!] yea] intlcgration. Wc tllcmforc ~mrfomlcd  a 2,000-paNiclc

targ(?t(xl  SC[lICI1  of” t 11(! I(+gi{]ll  surrolln(lil]~  it. All distributions of orbital elements

wcvc t,]](:  SIi III(I ;IS (I(wl”il)c(l  earlier. witl)  t,hc cxcq)tion  of scmilllajor  ax i s  which

w a s  llllifi)lllll~’  (Iistril)llt  ((1 I)etwc(m 6.4 aIJ(l 6.8 AIJ. No par t i c l e  in this s u b s e q u e n t

scarcl)  s{llwi\’(’[1  11101(1 tll:lll 2.(~ lllillioll ycam. WC ]dan to mtum to the question of

tlllc  still  )ility of this.  aII(]  lI(Iarl)y,  o r b i t s  il) tllc  fut)urc.

‘J’alJ](I 2 ])lovi[l[s  :11]  ill[licilt,ioll  of’ t,l)c r(!lat,ive sigllifica]lcc  of valious  mechanisms

for (lc~)l((illp,  ]~l:~l][t{~i)llills  ftoln  (Iiffclcllt  smliln:l.jo~  axis ranges. 111 cac}l 0.1 ALJ in-

tlelval Ivf’ ill(li(ilt (> 1) )\v llltllly  p a r t i c l e s  ])r(!s(!ntly  Ielnaill, how Inally  were dilni)latecl

I)y tll(! il(’tlil’it~’ Sl)ll(l(ls  o f  ,lu])itcr. Sat UIII1 Ilra]lus, and Nq)tunc,  msl J(!ctivc]y,  and

IIow IIltllly  f$’(’l’(’ (I,j(:( t {xl fl’olil tllle solal systler~l.  (Iln]jort,alltly,  no plallet,esimals  were

clilni)liltc(l  l)J (1]( “::(IIi  gr;lzil]g;” criteria.) llerc, (Iir(!ct  colll])arisom with  the results

of otll(:r r(:s(:ar(:l)(:rs  arr dii}ic(lltj  I)ccttusc ( 1 ) our silmllatiol] was not cmlfincd  to the

i)warial~lc  pltil][, iw JWW: ll]ost of the oth(!rs (with tllc cxcc])timl  of GI)90 who cxam-

illc(l  oli)its i~t 10(’). (2) ()~lr silnu]atioll  w a s  Ilot ]i~nitc(l  Solc]<y to Kc])lcriall  .Jovian

])l;lll(~till”,y  orl)it S, {111(1 (:3) tl)(! llIUCII  Slllilll(!l’  11111111-)(!1’  Of ])articlcs  C1l”l])lOyCd ill ]mvic)us

sllrvcys  m)(l(lb s~l(:~  (oll)lts ]Ilom smxxq)t$iblc  t o  tlhc ‘~statistics  of s]na]l  ~lu~nbem”

(NC\\,l]i,],  (t ill.. 1992).  l]lll)c)lt~il]t,ly,  wc llotc t,llat  wc call nlake statistically valid i~l-

fclcl]ccs  ill)~)llt  t 11( sip,l)ifi{al](x:  of various ll]c(:}]~lllisll-ls,  sil)cc tllc mlativc urlccrtainty

itl 07]1’ l’(:s[llts  vali(:s ilS () (N-l/2).

Ul”iillllS  ;Ili(l lNc})t  1111(:  t ogcthcr clill]inatf[!  atjout  1 /2Y0 of tllc plallct,csilna]s.  Sur-

]misillg]y, 110

occu])iml  l)y t

fl”Olll  t]l(! S[)lil

)lallct  CSilllillS  am lost) by bcillg  directly  transported

IC t cm:strial  ])lallctfs.  of our 105 ])laTlc%csilnals,  on ly

syst (:]]). ] 1W93,  hOW(W!l’> ol.)scxvc!d  ‘(no  n o n - e l l i p t i c

into tllc ]cgior]

48 wcm ejected

cmbits wcm cle-
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tmct!(xl  1)(’1’01”(” (’10s(”  (!11(”011111  Cl’. ” It is (:]]tir(:ly  lmssible

I’(:latiV(’1~  S111:111 Sillil])lC’  size which tjll(!,y CIII])IOJT![I.
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that this is an outcome of tllc

S:itll)]]  is t,l)( ~)l:ll)(t  (ollifli]l~;  wit,]] ~))ost of t]](! lost ]dalletcsimals,  but u s u a l l y

it is ,Ill])i(  (:I t lItIt 1)(’]t~lll)s  tlI(:III i~lt,o  its I)atlll  as founcl by WKN90.  WC SI1OW t h i s

‘) illl(l 10. l{ccall  that  0111”  ini t ia l  ]mticlc  d i s t r i bu t ion  is ani]) tlI(: l]ali~toll(”  l“ip,s. .

aIIIIIll IIS ((~l]t,{~l(’(1  l)illf ~v:iy l)ct, \vccn Ju])itm a]]d Sat,urll  and diminishing ax a ~Taus-

sia]l  aw:]}’ f’ro]l]  1 I](I [I]i(l]x)illt. Wmc wc t,o ]nmluc(!  fmln our original distribution of

105 ])l:lli(’f(’sititills  ii L&,{ll(ll.  SCH]C ~’(:])r.(:sc~lt,:lt,iorl  of t,hc dc]]sity  of Imints as a functio]l

of ])osi(io]l  ( \vi III tl;Irk(r il]lplyillg  (lOIscI),  wc would obtain a very  smooth toroidal

sllap(’  wit]] }\(:IItl\r  vl]yil]g  slla(li]lg. What,  wc }Iavc c}loscn  to do i~l l“igs.  9 a]ld  10 is

t o  I(:])r(wIIIl  tlItI 7~J/17/i/7  IIIIIIlljcr  of ])lt~]][:t,csilll:lls- varying  froln  O to 1- t,llat  wcm

ullillli]i(~l~’ r(’III()\r(Ll 1))’  tlI(: a(:tivity  sl~llm(:s of .lu~)itcr  and SaturIl,  rcxl)cctivcly.

‘1’11(’S(’  l\\’()  fi:ll’”($h  Sllill’(>  t\V()  l)m]nillmt  f(!Zltfll~(!S. l’irst,  tllcy s h o w  t h e  s u b t l e

i~ll])rill!  ()[”  \vlLIf  is I’lu’1)  :1 frn(”tal  gcoInctIy  o r “’fractal basil] bou]ldarics”-  scc ot,t

(1993)  il}tllfl  llti,]l<\lf:f  'i\tC:st Jftllc]J l,LIlctcsilllalsw:lllll. ‘I’llis  is an illclicato]c~ftllc

])l’CS(’1l(’(’  of ’]l; lllli]tolliilll” (])ilosil lc)(lI’I) l;\ I)ctcsilIlill ~)o]jlllatiorlzlIlc] makcsveryclcar

l]ow scllsitiv(:  l>rll:~’)ior  ll(!ill’ sc]);iratric[!s arc to tllc starting p o s i t i o n s  (i.e. p h a s e

:Ulgl(%)  ( ) [ ’  tll(’  t(%t ])ill’ti(’1(%. SCCOIIC1,  tlIcy  SIIOW the i]nportancw  of scattering as a

I]](xl]al]isll]  ill (1( ’liv(’l”il  l~l)lilll(>LCSiIlltllS  fl’(jIl”l  tjl]ca]]21ula]’  l]cig}]l>c)rl]c) ocl ofo]]c])lanci

10 tll](: s])ll(u(I  (d’ il]flll(:ll((:  of a]lotjllcr. {;ivcI]  tl]ci IltlcIlsityc  )ftllc!g  Icyscalc:illI7ig.  9,

wc s(x: I,l]:lt  ,Ill])itc:l  p;l:l\Tittlti[)ll<lllJT  s(:at,  tcm tllc bulk of the ])lanctcsimal  ])o~)ulat,ioll

i n t o  llllc  lMI(l  I of SFtlIlnI’S  ;Ictivity  sI)}Icrc. III I’ig. 10, wc scc tllatl SaturIl  h a s  a

si]Ilil;ll.  a]l)(:it  SII12111{:1, 101(: in pro])c]lil]g  ])l:]I~ctcsiIIl:lls  inward ancl into the path

of .Ju])itcr!s  SI)IICIC.  (G1 )90 Ilotc  that, “crossirjg  a I]lanet’s orbit will Ijot  necessarily

]l-IC:Il  I l,lIat tl]c  first closr ])la]]ctlary  a])])roaclI  will occur with that  planet  .“ I’LS89

also not (xl that ~1 II ()]l)it  wllic}l  crosses Saturn’s ca]l very quickly evolve  into olIc

that  cr(Hos J Il[)it (!I’s. ‘1 ‘lIcsc fip;urws  arc I]]llilist:ll<al)l(:  cvidcncc  o f  bc)th. ) lndd,



We IIOW tvallt  to vislmlizc  tfhc dcri~ographics  of the  ])lanctcsinla]s  w h i c h  arc

clilllillatcd as a flll](~li{~]l  of tilllc. ‘J’o(lotl)is,  wcp lot  ink’ig.  11  ovmsucccssivc  100

.Ill])itf:lf)ll)il  tilll( ill(clv:lls  tllclnml]  al]d onc s t a n d a r d  dcviationof  thcscmimajm

axis (lislril)llf  ion (lIIfl(I(ml (lllrill~c:iclj  100 orl)it  time window.  (Spccifical]y,  we show

lll(!lll(’illl 4 1 Still l(l?ll”(l (leviat.ioll asalmrin CHCI1  illtfcrval  oftilllc.  ) WC Ol~SC1’VClhatl

tllosc ]);]lti(’1(’s  WII(M s(’l]]illli~jor  axes  r(!sidc near the mbits of Jul)itcr  and Saturn

arc alIIollR tl](’ fi]st to lx’ clilrli]lat)cd, ‘J’hc  avmagc  scmilnajor  axis rcmaim nearly

COIISINI1l al 7.11 t\l J. wllilr t 11(’ cxtcllt  of OIIC st, a]ldat’d  dcviatiml  s t ead i ly  dccrcas(?s.

lJltilllatt!ly.  f 1)( ll~lll)l)(:r  of” i>l;ll](:tcsili)}lls  eliminated il] cacl) till)c  wjndow is too small

to yicl(l st at ist i([lll~  vali(l (wllclusiolls. ~Nmxnthclcss,  wc observe the unmistakal~le

t}l”c]l(l  of willll(~wil]p, of lJl~{ll[’t~:sill):~ls  fml~l tlIc vicil)ity of Ju])itcr  a~ld Saturn ir]to t}~c

llcal’tl  of Ih(’  Jllj)it  (’1 /s:1! 111’1) Zoll(!. ‘1’l)is  ol)scnmt,ion  agmcs  with  tllc kinet ic  tllcory

])r~!(lictioll  [l(niv((l  (i]lli(:l  i]] tl)C collt(:xt  of I~ig. G.

I;arli(l.  JV( flis:lws(xl  tl)c mlc of” illclilIatioll  froln  a sirnplc g e o m e t r i c  stalld-

~)oilit.  CXIXX:l  il)p, to fi])[l tl]ai sll]~])()])llltlti()lls  of  plal JctJcsilnals  w i t h  mom inclillcd

t~:ijc(:t oli(:s wOI1](l  (~x])(~l,i(;]l((:  r(xl[l(xd rates of clilninatioll. ]11 ‘J ‘ZlblC  ~, WC COn -

sidcr a((wr(lillp,  f () t Il(:il initial  dkt)ril)utioll  our set of 1 (P ])lallct)csilnals  gmu])cd  ill

10 inclillatio~]  il]l (’1’VillS  alI(l (lisl)lay tlllc lllllIll)cm rclnovcd  by the valious  a v a i l a b l e

Inccllallisllls.  ‘J’llcsc  ‘“ll~c:cll:lllisllls’~ illc.llldc, as in ‘J’ab]c 2, t}ic fc)ur Jovial] p l a n e t s

and solar Syst!clr] Cjl’(’t i(m, as W C]] as show wllatj nulIlbcr  of l)lallctjcsilllals  sul’vivml

1 (F ycam.  What is p;lltic~llally  IIotcwmtjlly  is tllc relative  effectiveness of Saturn’s

activiiy  s]J1](!l”(! [:liltlillatillp;  ])l:~llct,csili]:~ls  ill contrast w i t h  Ju])iter’s.  We reported

carlim tl]c  cx]j(x:tatioli,  floll~  (11(! gcol~~ct,ry  t}lc alllluli  swc])t  out and kinetic th(!ory,

tjllat Satl{ll’ll  Woll](l  }ll)l)(~ill’ to be 1 . 9  times IInmc cfftictivc  at clilninating  ])lanctcs-
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j]na]s  tlllal)  ,Ill])itm. ‘1’11(’ Colllmll  iIl ‘1’able 3 CIC!llotc!d

lnwporlioI1  r(:IItai IIs 11(1:~1 J .9, Il{!v[!l’  dcsc(!nding  to 1.0,

tie, alilI(jIIp;}I  it ~(I]~dills  (wwsjstlcnt wit)] our ]mdictionl
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“S:.1  ltatio”  shows tl]at this

(Wc  do not, display this ra-

wl)cn  the total planctcsimal

cc)ulit iIl a ~i\[:lI  illc:lilla~ioll  mgioll  dm]ls be low 1 ,000  as it would bcco]n[!  o v e r l y

scllsitivc! (t) (111{’ SIIMI1 lx)l~[~lat)ioll.)

111 ~ol]t  ras(. (JI)9(I  rclmrt(?d  that ])articlcs  witl]  nonm-o  inc l ina t ions  began  to

lx? N:I)I(WIXI I(llc? ill tllr silt] ulatioll  ilum those ill t h e  illvariab]c plane, butl t h a t

oIl(xI ])l:ll](:t(:silll;ll  l(I]IOV:ll Iwgill)  ill tllc  ])lalic  it would pmcccd a t  a  f a s t e r  ~)ace.

After a])])roxilll:lt  [:lj’ 20.000  y e a r s . ~1 )90 clailncd that the fraction of remaining

]mrticl(:s  was t llv sal])(~  il)(l~~])(:ll(l(:llt  of illitlial  inclination. h’ig. 12 shows a family of

culwcs  (lisl)l:l~’il]p,  t 1)(’ 1“(’lilt ivc (l[:l)~~])lll:it)ioll  of tllc ~)lanctcsimal  swarnl  as a function

o f  inil i}ll ill(lillili  ion st illt ills ilt 0° illld va ry ing  in  5°  incrmmmt)s  Up to 20°.  WC

s c c  llltijor  (lilli~lcll(:{’s  l~ctw(:(m our rcslllts  and tllosc o f  (;1 190 in the corn] )arativc

(1[:])101 i[)ll  l’ill(X [01” tl)(’ [1” i] ]Id 1 0 °  cllrvcs.  q’o bcttjcr utldcrstlancl  thjs  diflcmmcc,  WC

collsid(:m(l a SIIIW:l  )f 0111 ljo])ulatio]l”  of plalkct(!silnals  wllosc  smnimajor  axes rallgcd

froll) 6.7G AU t t) S.(’(; AU.  tllc  salllc  iTlitJial  ranp;c c!ln])loycd  ill ~1)90.  l’i.g. 13 s]]ows

t h e  (x)] [I])i]]ilt iv( [lc:[)l(!t  i(}ll  r a t e s  all(l wc olMwrvc  an ordm’ of rnag7Litudc cliflcmnce

i]] tfl]c rdativc  (It:])l(l io]l rate. ‘1’llc IIalf-]ifc of tlIC 0° inclination particles in Fig. 13

is olmnxxl  to lx: 3 x 10:3 yI vvhilc  tl]c 10° ])la]~ctcsimak+  have a Ilalf-life of 104 yr.

‘J ‘11(!s(!

of 6.8

Scalc!s

]]llr]]l)(:rs  sI)OIII(I l)c (:o]~]]mrcd  with our illitiatjion  ])hasc  clc])lction  t ime  sca le

X  10:{ y] illl(l  [)11]  kil)(:ti(:  tllcmy calculat)ioll  o f  8 .2  X  10:+ yr. ‘llIIC (lI)(lo  tilnc

ale too” IOIJ}{  1)?’ aII or(l(!r  o f  ~Ilag;Jlitudc. ‘1’llis  is ]mltjicular]y  surprising  sillcc

t)llcy cIII1~loy(:{l  acl ilitjy  sphcms  that  wcm 30% larg;cr

o f  i]lflucllc(!  cross  s(x:tioll. /1.s tvc llot!cd car]  im, C:ll”J

lifctililc.

t]] all wc hacl. A larger SI dlcm

)C CX~)C!CtCd  tO ~iVC a S}LOTtCT
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lry a ratio  of’ 2(;6/175 % 1 . 5 2 0 ,  wl)ilc for Llle illclincd  po])ulation,  the roles wcm

rcwcrswd al](l C](MI i{])l)m~cllcs  wiih Ju])itcr ocmlmcd  223 /182  % 1.226 t imes nlorc

frcquc]lt]y  w(: p;iw: t IIrir  (JIMmw(l  ]x)J)ulations  as a ]mssiblc indicat ion of the role  of

sI1lall  11111111 )( ’1 ’s. ‘1111( r(!:lsol]  for this r(!vmsal  ill roles, they daimd, was that “iIlclincd

])arti(:]cs  arc t  yl)i(illly  [’I IN lICr frorll  t,lm l)lat]c near Satml t,lm)  llcar Ju])iter a~ld

thC1’(!fOl’(! 1(:SS  Iilwly t () llilV(?  (:11( ’ollllt(?l’S.’” 137hilc  true, tllc ])articlcs mus t  cvcmtually

~)ass till’ou:,ll t 11(} pl.)llc.

14Tc slI~)~v((l  i)) t)ll] ‘J’;}IJIP 3, that }mrticlcs  of all inclitlatio]w Lcndcd  to have nlorc

frcqll(:tlt L1(MI :lpI)I(lafl]IX v.it,ll  Satur]io Clur results difkr  fronl those  of tllc lCSS  prc-

cisc <11 )!N s(trl:(’)’  ill {1 I’[lll(l:lll]t!}ltzll  w:l,y  wjth rcspcctl  to tilnc scales a~ld tlllc r e l a t ive

illl]x)rt all(x’ (Jl”  (Ii[l”(v(’)lt  IIlccll:lllisllls. could tfllis  tlllcl}  be cvidcncx! that sym~)lect,ic

st(:r)s  CaII give, without  warniI]g,  qual-

s i l l . ) t l lc  sc~)arat,ris  gcoInctry?  h;vidcncc

Sll])])ol”till~~ t ]]iS (“ol)(’]ll  Sioll” (X J]ll&+  fl”olll  S~lll Z- S(!l”l”la  a?l{] ~h]vo (]gf)~l)  Who ~x~)]od  a

V<ll’i(!t~  of SV’111])1(’(’L  i:’ illf c:\l’ilt  OIS ill SO] Vil]g  ~]J(! ]] C!llO1l-}][!il(!S  ])1’o})lcIII,  ‘J’l Icy k+t(!(]

s i x  illt  (I&Iai 01s.  il](:~ll(lil]g  o]Ic b y  CaIId.y  a]Id  }{ozlnus  ( 1  9 9 0 )  wl)icl]  w a s  usd in

C]){) (). as il \“\III(’t iol! ()[’ Stt!]) sin saI17,-,smIla  Mld  calvo showed that, Ilntil  the Stc!])

1  (wl]ich  t}]cy  ])romdccl  t o  dctmmine),  t,hf! jntjcgrators i z e  (Iroj)]jml  ll(:lt)~v  .;I)lII(!  wl 11[:

woul(l  p;iv(’ (Jllillil?lt ~~’(!ly ill(ur(!ct lcslllts wllm mnployed in c h a o t i c  rcgi~ncs.  ‘J’his

result is l)alt  i(lllilrl~ i) l]] )ortalltl givcll tllc  cost c)f cc)rltfclll])(j~flly  illt,cgratiolls  a]ld tl)c

cfl’orts  clllplo,v(~(l  I)Y III:I1]Y ill\’f!stlip;:~tols  to ]llinimizc tllmn. ‘J’llclcsson  totmleamc[l

is that  cIn:// illt(!p;riltor, sy]lll)lcctic  ollcs il]c]udcd,  call give mis]cading  msu]ts un le s s

ms” (asi*)I’ig.11,

vhich arc el iminated

mm sllcccssiv(:  100 ,Jll])i{cr orbit tilIlc  i]ltcxwals. ‘1’hc csse]ltial feature here is that, as

tfi]]](:l)lo(((:(ls.  tl](:l[ ](:\ll[:  cc(:lltIi  citlicsal]cl  tlllc:ir  va]i:lr]cesc  lil]lil]isll)  in(licating  t h a t
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mld  wc am left with a population

AIIaloRoIw”  to l’ig. 11, 11’ig. 15 provides a family of curves  that show removal

r a t e s  a s  a fill](:t  ion of (:(:(:[:llt)ri(:itjy. WC obse rve  that,  Hlore ccccmtric  orbits  h a v e

n]arkm]ly  sl]f)f[  (:r ]ilrt il]l(!s  than less cccmltric mm, as we would intuitively cx]mh

1~’1 ,S89 su~~g(sl(!( 1 t 1];] i II)(w(:  ccmltlric ]mrticles  could bc solncwhatl  more stable if

tlhcil’  (![:(f!ll(li{ii)r  ill)]  )l’OXilllilt(!(l  tllilt O f  thC ])(?l’tlllI’}.)  (!l’S. 1 ,ooking  at the r e m o v a l

Clll’v(’  fi)l’ (’ = ().():)  ( \vll(’1’(’, liJI ,llll)it,cr. c = 0.048 slid, for Saturn, c == ().056) we sm

1]() ill{li(’i]t i{)]) [){ 1 l)is.

‘1’01)1(!s  d ali(l h (I(wlil)(l  a]) oIItwiLId  lnip;ratiml  o f  ])lanetmsilna]s  in t h e  simula-

tliol]  :1 f’(’i)t 111’(’ iillll:l((l 10 ill 1,’ip;s. {) al](] 10) as well  as ‘1’able 2. ‘1’at)lc.  4  shows the

fills] sclllill};l,jol  :Ixi:  ]:)lIP)( for al] 1 ()().()(1() particles at, t,hc [)IId of 100 My silnulation

tinl(:. ()\(\l 1 1(/ OJ” I 11( ]J:l]ticl(x ha(l tll~!il  fills] sclllilllajor  a x e s  outsid~! of that<

Of’  Silt lll’11 ilt tll(’ (’11:1 of” tll(?  silllulatlio~l, 48 w e r e  comI)lcLcly  cjcctcd  froln  t}]c solar

sysl(:lll.  1 ,(:ss Lllal] 2 Z of 1 li(’ ~)ill”ti[:l[:s  lvcrc il]jcxtd  into the i]]]]w solar systc]rl.  1’;VCI1

witllill tll[, .Jlll)it(~]/t;i\t~llll  zO1lC, t)llc  tr(:lld wtts for tl]c ~)a]tidcs to mow: ol]twards-

t)llis  C:II1 lx: s(x!Il ill ‘.[’al)](  5. ‘J’: II)l(!  5 SIIOWS tl]c initial  and fi~lal  scmimajor  axes  (and

stal Iclar(l  cl(vi:~t  ions)  for t lIr saIIII~lc of ~m]ticlcs di]nillatjccl  by collision with tlllc

activity s}JII(~I(J 01” (:,1(11  I)l;II1(:lI. ‘1 ‘lie avmagc smninlajor  axes of tlIC ~)a]tidcx killcxl

by C’l)(!7’,(j ])lilll(l( il](li(:ilt  (’ t  hilt  tlll(! tjl’clld  WaS fol” thC! ]mrticlcs tO m i g r a t e  OUtWal”CIS,

wit]] t}l(:ir  oll)ils  1):’tolllil]p;  illcrcasillp,ly  eccmltric ill tlllc  ]Jroccss. F;VC]I l)arLiclcs

clil]lill:llc[l  l)Y .Ili])i((:l 11:{(1. 011 average, scrtlirrlajor  axes p;rc!atc!r  than that wit]]  wllicll

tfllC~ b(~g;l])  tll[’ Silllllliltioll.

1 ]yll:llJli(:il]  [:fl’(:[1s  p;ov(:rllillg  IIlixcd  ]m])ulatio]ls  of  ‘(heavy” and “l ight’) sc!lf-

graviiatil)g  ])ill’1  i(l(s  01’(:1  v(:l”y  lol]p; ]Jcriods  of time ]]avc bcml  a sul)jcct of ilnwstiga-

tioll, cs]~(!cia]ly ill p,al:~ct  i(: dyl]alnics,  for Inany y e a r s . ovcrwhclmillg  cviclcmcc  has

(>1 IICI’~C(l t h i l t  :1 “lllilSS S(’~,1’(!~,ilt  ion (> flCCt)” occum whcm tllc heavy  particles shed cn-



aIId Sall)(t(H. J !)82: l’:l]ollki (:1, al. 1 983; Sl)it,zcr,  1 987; Stl[!wart,  and

so]llcti]]l(’s 1)(’il]p; (’,j((:t(xl  fl.()]11  tllc Syst(!lll  . ‘1’l)is  ]Ilass scgmgatioll

calll(:  wi~lcly Ils(xl  as illl (Illl])irica]  (li:igllostic  for  the r(!liabi]ity  o f

dy]l:~z]li(s  ~~xl(b.

Wcthcrill,  1988).

pk!lloI”n(!lmll  l)(!-

N-1.)ody  galactic

W( l)(!li(’\r(  tl)il ‘1’ill)l(!S  2. 1, all[! 5 ,  :1S W[!]l  21S 1+’igs. 9 mld I(J indicat,c  tlla~ our

systcIIl  (:xllil)it(~(i  ll]is I)II(IIIOII1(>IIC)II.

11’ill;lll)r, il~l’i~~.  16. \v(!]~l(Jtt  ll(:fi 1]:~11)  (>siti(JI~sc)f tllcS~lll,J~l]  )it(:l,Siltl  llll,allcl all

slllvi\~illg]  )l; ll](~t(:sil])i\ls.  ~)rojcctcd olltotl  lcillvtlritil)lc ])l:\l](:aftcr  1O(J hi-y simulation

tin]c.  Wl)i\t ~vt oix(~lvc is ;I sillllllatc(l  .lll])it(:l/SatllIll  zoncw]]ich  looks V(VY m u c h

]ik(! tl]c ~~(’tllal.  lkx~lIIs(  iJI(s(jlaI systc!IIl has ~nwvidc(l  IIS with 4.6 l)illiml years of

(vill)irical  (:\ri(l(\l]((J to ill(lic;ll(:  tl)at tll[: ,lll~)itcr co-orhitcrs  (’l>ojalls)  arc stjablc,  a n d

b(x:a~ls(’ 111(1 wtjuli  oi’(1(: 1:1 l~anr d :11. (1996) lIas i]l(licatd  tl]at  %~tru]l]  co-orbitlcrs

(lirui~]s) ]I>:lJ  t)(sill  ililllJrst? il)l(\c)\  '(:ll)il  li()]l-ycaltlilI  l(:l)cli c)cls,\veill  tc:gl:ltfCclc)Illy

the ‘Lolltli[  r’” at (i.(; ~111 fI(HII 1[)0 My to 1 Gy.

5. (: ON(X,1JS1ONS

‘1’l]is  COII(lIICICS  0111 illt’(sti~:itio]]  of  tl]c  .J[]J)itc]/Satll]]l  zone t h e  Satun)/lJra-

IIIIS tIII(l  [lIiiI](ls/]N(])t~l]](; zOII(:S arc’ tl](~ sul),jcc.t  of a  SCCIUC1. (’1’llc  ‘J YaIIs-Nc])tuI]c

ZOIIC  al]d 11](I (lyll;~l[li[s  of 1)1 IItO arc a II)orc distant objcxtivc.  ) C)ur i n v e s t i g a t i o n

llas[!lil])loy(’(1  111(:11’ost  i)(:(:lll”;\tJC  lllllllC1’iCfll t(!CllIliC]LICS  CVCI’1)1’ollgllt,  to bear o]} trllis

class of’ ])Ic)I)I(:IIIs  aII~l  (:l]l])loyillg  ll(!ill”l~ I(F tilllcs as lllany test ]mrticles  than any

])rcvious stlldy. ‘ 1 ’ 1  i(: Stilt  iS tiCS wc lIavc obtlaincd  arc r o b u s t -  a n d  we caIl dmivc

lllally  of’ tJl(’  l“(!l(\Villll (Illalltjit  ilti VC l’(:sllItS  using;  kirlctic  tl)COI”y.

‘J’11(:  ollt(()~ll(  ()[ tl)is  stll(ly  t h a t  i s  rclcvallt  to our solar  syskm’s  origiIl  i s  t h a t

lli(:l)(:s  fol”  ])l:lll(:t(’Sil  /lill  l)lilt(:l’id  will 1)[:  f(nv and  fal. l)CLW[!CI1. ‘J’]lc  ]Jap;rallgc  points-

tllc ‘J’](),ji]l]s  of” .JIl])il  (I1 tIII(i tllc l\rl]iI]s of Saturn (d(: la }Iarrc ct al. 1996), p o s s i b l y



solllc  lli~lll~’  ill(li]](’li  illl(~/ol”  c(:(n]tlric  (i. (>. 11 ilda group) mbits, plus conceivably a

o v e r  ;~ sigliili(i~l)t  f::l(’.~ iol] of tllc:  a g e !  o f  t h e  s[)]ar syskmI. 11’01’  t})c  bl]lk  of t h i s

r)mtl(:ria],  it il I)])(I?II’S  t hilt \\’(: ill’C sc!c:il]p, evidmlcc  fOr all cwolutionary  p~OMXS, W}lCI%

to qualil  ~It iw I)ii”lll(al  ions ill t llcir  dyllalllics,  was removed froln  almost, all regions ill

t}lo .Jll])i l(’l’/Siltlll”1l 7,011(;. ‘1 ‘II(I OIItCOIIIC  of tl]is  study relevant, to our solar systcm’s

dyl)al]li(s  is t lI:It  1 li(~ ]Jlil]loldit~l  ])l:lll(:l,(:sillltll  stwl Im lIas rmidd in a ~)hase  spacx!

divi(l(xl  il)l ( )  l(~~illl(s  1))’ s(’l)dralric(x  wlli(:ll  (Icfill[!  tllcir trajdmics  aIId  f a t e . I n

ol’dcl”  to (“;1])1111”(’ (’\J(!ll tl)(’ “.st atistical”  cllaractfm of the solar system’s plaIldcsimal

(:vOIII1 ion. 1 11(’1(~ ih I,() sillll)l(’ tllt,(:rllat  ivc to ])ushillg  the frontiers  of co]ll])ut,at,io~l  h

lIIIC  .](’t l)ro]jlllsic)ll  1,/11 )01”? 1(01’)’,” all[l A1(!I’(lO1l  1’;. 1 )avics of the ILA N]) Gw])oration  for

Ll](:i] ilssist ;III(’(1 \vit II (l)ll(:ll)(vi(lcs  aIId otll(:r lld~)ful discussions. We arc particularly
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.l?l,l)’if.(!7’/sll>f  /1’/’// Ivi(:;l(:<s

~’ABl,14; C; AI”) TIONS
‘I1i~l)l(!  1. 1 ‘r(:viol]s t (Ist Ixwticlc  survc!ys of the .Ju]Jitc!r/Saturn  zone.  S h o w n  arc

(llcI l]llll]l)(:r  of” ]jartliclcs  ill t h e  surwcy, f,hc nlaxilnunl  durat ion of  the
silll{lltl(,if~ll.  s[)llIc:  o f  t,hc ilrl]x)lt,allt  a])])l’oxi~llatlic)lls,  and notes  gernlanc
1,() 11){~ ])ltw’llt sill][llation.

‘J’al)lc 2. hl(!lllo(l )f f(:lltlil}iktio]l  in tllc sinlulatlion  as a function of initial scnlilna-
,jol” iiXiS.

‘J’al)]( :1. hl(It 11()(1  ! )f 1 (Jrlllillatlion  in tllc silImlation  as a fu)]ctioIl c)f initial illcliIla-
t,i(jll.  Tj’(! illso l]ot(: tll[!  ratio of tlIC numhcr  of terminations by Jupiter
(:(JIIIIMII(Jil  t () tJI(w(~ of SatltlrJI  (until  the nurII1.xY  of ]Jarticlcs  in the range
[I]”()]M  I)(l(nf  1,()()() and wc CaII no lcHIger lllakc statistically mcal]i]lgful
il)[ir[ll(cs).  ‘1’llcs(~  vaiucs  arc! ill rclativc!ly  good  agrccmcnt witlh the  r a t io
1 .!): I ItFlltlI  1~(’ (I(uivc irl t,lIe t e x t .

‘1’al)l(  4. l})il  iill <111(I fil]al  l]lcan  SC!l IlilIliljOI’ a x e s ,  a s  w e l l  a s  s t a n d a r d  dcviatliolw)
fol i~ll l)l:lll[!l~:silllills. 1 ‘art) iclcs arc grou]xx]  according to which ~)lanct’s
il(’1 ivil~’  S])ll(’1 ’(’ was  l]lti]llatc]y  rcsponsibk  for their rcmova]  from t)llc
sill)lll;ltioli.  .?Jot(J tjl]atjj ill all c a s e s ,  t h e  ]nean fi])al  sc]l)ilnajoY axes arc
~;ILI;lt(:l  1 Ilil]) tllc i]litial,  illdicatin~;  a ,yncral  outwarcl  mi, g~ation.

‘J’i]l)]( 5. ]:il]:ll s(]r]ill]tl,jor” axis ranges for all particles  at the time Of tllcir  lm]ova]
~’IollI ( 11( si)l)lllat i(~ll. A]~l)roxi~rl:ltcl~’  2’% of  tlic planctcsimals  rcsjdc  in
t I](’  il)llt) sol:lr systlelll af t 11(: tli]nc  of their tcrlrlinatlionl  while over 1 1’ZO
llli::,l”itl  (’ !llt () 1 11[’  olltcl”  solar Systcnl,  or WC]] b(!yond.

F] G 111{1’; (:A 1“>’I’I(3NS
l~ip;. 1. lil)solllt  (I Ii \ IS lonp;itll(lc cxror fol the 2-1) Kc])lcr Pmblcln.  Figures arc for

16 )l]IIs  Itil II (Iill’(:lellt  illitiill  ])(witiolls, each  having  an  cccc]lt,ricity  of 0 . 5 .
11(!1’{’  illl(l  ill Slll)s(!(lll(’llt(  figur~x, 1{. is tllc correlat ion cocfficicntl clcscribing
tll(’ f.’;f)~l(lll(::~s  of” fit .

P’ig. 2. Ii (’lilt  il’c 1{ )1S (’11( ’l’p,J’ Crrol”  fol” 1 (i lllllS Of t,h C 2-1) I{ C])lC1’ PIOblCH1.
]~ig. :3. ]{(]:iti~-( l{h IS (]icrgv c]rrn for o u t e r  s o l a r  syst,enl  forcward/ba,ck  int,cgra-

liol]. V:llllm  arc f’(n til~~cs  c:olrcs]>c)l)(lill~;  t o  2 “ to 218 orbits  of J u p i t e r .
Nollli))(:ll  lN)w(:l-I;lw  rc~;l’cssion  rcvca]s a power law index of = 0.46, indi-
(;lti)l~~  11~(’ :ilw(~]]c(’  of ally significa]ltl  systclllatic  illtcgratioll  e r r o r .

l’ig. 1. AIM)I1][(I l{h JS lol)gitlldc  e r r o r  o f  ,Ju])it[!r  a]ld  S a t u r n  for forcward/back
illt(’~,liltiolls  llsil]~ 16 difl’crcl)t  sets of iliitial conclitiolls.

l’ip;. 5. l’lot () filllli]l  )(:]()fs  ~llvivi~lg;]~  artic:l(!sil  l()llrsi  ll~lllationas afullctiollof  ti1llc.
}’rol[i Illis. 1( (~111 [:lcallyscc  that t,llc evolut ion occurs  in tllrcc~)hascs.

l’ip;. (i. All i(l(v[liz(xl  l(:l)~c:s[:)]tt~tiolt  of the ti~nc evo lu t ion  o f  t he  ])articlcs in t h e
,JlllJit(:[/S;lt~lt~l ZOII(:. ‘J1hc Gaussian CUYVC rcprcscnts  ou r  in i t i a l  pariiclc
~listril)l[liol]  i)! s(:IrlilIl;ljor axis} wllcrcas  tllc s~)llcrcs at t}le wings rc])rcscnl-
Illc  tl[li~rit~’  sl)liclcs  of tl))c  two ])lancts. ‘1 ‘he lnaxi~nunl  At) occurs  near the
]xI:I1;  01” t II(I  it]ifi+ll  ])artick! (list Iil.)lltioll. A s  tlm wi~lgs  o f  tllc  clistril.)ution
?11’(’  (Icj)lct(  ’[1, tllcy  a r c  rc])lcnishcd  fronl  illsidc-out  b y  the planctcsinla]s’
ri)ll(lo  III N’:111{  i]] IIlo IIlclituIn  space.

l’ip;.  7. illiliillllllll  illl(l  IIl:lxilnutfl  lif(:tjilrlcs  as a fuIlctioll  o f  i n i t i a l  scmimajor  a x i s
raIIp,(I  ill ().1 }\LJ illt.crva]s.  Spikes at 5.2 and 9.5  AU correspond to Ju])itcr
all(l Siitlllll  lil)r:lt,ols.

l“ig. 8. SiIIlilar  tr) f’ig. 4., ])tlrticlcs  were grou])cd accordi]]g  to initial scnlilnajor
axis  ill (). 1 f\U illtcrwls a]ld  sortjcd with respect, to their ]ifctinles.  IIigh
a]l(l I()]v VNIIICS  r(:l)r(:scr)t  tlllc  first allcl third quar t i l e s ,  rcsJ]cctively.  W i t h
t l~e (:x((!])t  iol)  ()[” III(: .lupitm  a~Id  SatlurIl  lilnat,ors,  7 5 %  o f  t}lc ~)articlcs  are
(:lil))ilult  (xl wit]  lil)  1(F y e a r s , in agrcmnc~lt  with ]mvious s t u d i e s .  Ju])itm



Pig.  !1.

l“i~. 10.

h’ip,. 11.

h’ig. 12,

l“ig. n-l.

l“i~;, 14,

l’ig. J:)

I“i~;. 1 (i

(’ol~]ll  l(:l]s{  ll:ll)iliti(:s am indicaijcd  across tl]c Imtto]n  of the figuml  %tum
(I{)]]l]]]f’]]sll]lljilil  ics across tlhc top.
Gr(\w{:llfI  ljl(~l (~f r(:l:ltivc inlporta]lcc  {(lalkcr  lnorc ilnpcmtant) of Saturn in
(Jli]l)i]):)t  i]): ])lilll(:t)(:Si  lll:llS. ~lladi])g  rc])mmlts  tllc  fract ion of  partick!s,  as a
fIIIl(t jell 01” illiti:{l  .Y -- Y ])ositiml  (SIIOWI1 in  AU),  wl)icl) e n t e r  into S a t u r n ’ s

‘] 1h ) 1( ’I’(1  of jl:flll(’lj(.(:. (Ju])itcr aII(l SaturIl  are locat(!d  at  5 .20  arid  9 .54  A U ,
l(~s])(~(liv(:ly.)
Gr(:ys(:ll(:  I )101 of mlativc  iln]x)Nancc (da~kcl mom iln]m~tallt) o f  Ju])itcr
ill Clilllillilti]lg ]Jl:lll(:t(!sil]l?~ls. Shading m]~msm]ts  the fraction of ])articles,
iis  ;t J’l]tltt  iol) 01” i~liiia] ~ - Y ]xJsitioll,  which clltcr  into Ju])iter’s  sphere of
i)lilllt’llt’c’.
Av(:I;Ix(:  illilit~l  s[:]]]il)l~~,jor axis =1 J standard  deviation of ]mrticlcs elilninatcd
\vit]lill (’il(’}1 loo-. ]ll])it(’  r-])(:l’io(]  IaJl~C. NTotc t 1 I at this avc?rage  rcvna i I Is rc-
lllilrk~ll)l~’  LOI)S[ alil ~vit}l  al] (:v(:l-(lcc]c:l.si]]g  sta]j(lad  (lcviation (that is, until
1:11(1  Ixvi(j[ls  i]] ~vllicll  we d(wl wit])  sl]lall nulnbcr  stat is t ics) .  ‘1’his is consis-
t~lll m’il 11 il ])()])llltlti()ll  that,  is ]vill}iowcd  froln the Cxlgc of tllc distlibutiol]
ill\\’ill”(lh.
li:l(’li~)ll of 1(’]ll:li]~illp;  ]m]ti(:lcs a s a fulvd)ion of ti]nc fol inclinations of
O. .5. 10, 1:!, illl(l 2[) (1(~~1’f!(!.<. l’;acl) CUTVC  qnwcnts  pzmticlcs with i]litial
ill(lill:li  ions Ivlli(’11  ftill  Ivithin  4 0.5 dcgrccs  of the :If[)lcl[]crltiollc(l  v a l u e s .
011 Sll~)l’1 [i:)l(’ S(’ill(’S. illclil  l:]tioll has a lnarkc[l eflcct 011 lifctinlcs.
Silllil;ll  t () I i:,. {). (Ioll]]mrisoll of dc])lction  curves co~n]will~  our rc!sults with
tllcw~’ ~)f” (;1 ;!)[).  11”( s(’[’ all ol(l(l-of-lllzt~  liitl~l(lc”  dif~ermlcm  il-l”tlle rdative  rates
of” (1(/)1((  iol /iJ1’ ]Jillti[:lw  at lx)tll  ( ) ’)  aI]d 10° inclinatic)ns.
A\’fJ]tIj:(T  illit  i:}l (’((o)lricity  :t 1 stalldtlrd  dcviatlioll  o f  p a r t i c l e s  cdilninat(!d
Iiil Ilill ~:l(li  [()() -tl{l])it  (:l-l~(:li()cl  illtcrval. 11 ip;hly  ccccntric partic]cs  arc quick] y
(Iiltlil];ll (L( I III(I It:(:  aI(’ left }vitll  a ]x)plllatjioll  cllalactlcrizcd by i n c r e a s i n g l y
fil”(”lllal  1 t:! if(lol.if’s.
Sill  lilill” 1 [) lpi:,. $). c:l(:ll  curw r(:~)lcscnt,s  the fractic)ll  c)f lmrtic;lm rm]lailling
will) il]il in] (wt’]lt ri(itfics fallillg  within :~ ().()()5 of ().025, 0.050, 0.075, 0.100,
0.150. a~lfl 0.200.” 1]] ap;rcwl~lm]t  wit,]]  P’ip;. 11, the hi:;llly  mcentric  ]mrticlcs
ill’(’ c’lil]lil]:lt  (1(1 Illor(: ra])id]y. ‘1’his  is true even of those with initial eccclltlric-
it i(v+ 01” ().[)F  \\’l)i[’11.  it lla(l 1)(x111 ]ncviously  su~;~;cstcd,  n~ay bc l o n g e r - l i v e d
I),v vilt  11( (Ji”  1)(’ill~  (Ios(! i]] cccclltricity  to that of their neigllborin~;  planets .
‘J’11(’  l)l)sitiot)s  of (1)(: ]Jlal](ts, al)d all survivil]g  ])art)iclcs)  at the cllcl  of 100
hl~’ Sill) lllilt  iol] t i]]l(’. ])rojcctcd  o]ltlo tllc invariable ~)lallco What WC am Icft
tvit 11 is :1 Solill” syst(!]ll  VC1’y  ]1111 Cll like that which W(: prcs(:ntly  OIXMTVC!.



in J / S  Zone I)uration

Ijccar  & I 00 6,000 yr .Jupi[cr/Saturll  only;

Franklin ( 1973) modeled anzrlylirxrlly.-
—

Evcrhrrrt 22] 203,000 yr Similar nlod~l
(]973) as I,F7?I—

}Jranklin,  1.ecw  8Z 135 = 107 yr Jupiter/Sa[urn only;

Sopcr ( I 989) modcld  scrlli-a~laiylic:~  lly
_______ ——. .—— —.—

. .

Notes

Long-lived  bands :It
(j,tl ALJ and 7.5 ALJ

l,ong-]ivcd  bands  at
7.o AU and 7.5 AU

],ong-live(i  bands  at
7.(I ALJ and 7.5 AtJ

—.—

])uncan,  Quinn & “Several 4.5 x 109 yr Mapping; Jupitcl/Saturn

TrcnlriinC (1 989) hundred” on circular orbits
—.

Wcibcl,  K~UILI & 125 5.67 x 105 yr 6’t’ order mctbod;

Newman ( 1990) Jupiter & Saturn  only:
3-]) fally interacting Stimulus for present work

.

SoPer, Franklin & 48 2.4 x 107 y r szrtnc  rnodcl as 1,F73 Numerical accuracy check

Most orbits planel-
crossing in 10f yr

long-lived bands flank
coll]r~)cr)surabilitics:

i,ccar  (1990)
—.
G]adnlan & Illncrm 900 2.25 x IO?  yr e = O, 0.05, i == 0“, 10”; Inclination had no effect

(1 990) 4[h orxicr map; On depopulation time

~]oin)ari  & Wisdom E 336 8X  IOgyr c =- O; invariable PiNIC; Majori(y  of parlic]cs

(1993) map:  Jovian pi:lnCtS rcmovcci  within 105 yr
..-

-.
PI cscnt Work io2,000 i08 yr ]~llliy ~-]); l~Lh orcic.r Most accurate, iong,itu(ic

(1995) ~owcll-St6rnlcr error S 2°; rcliabie  statis-
tics & kinetic theory;

Table 1.



Axis Alive Jul)iter  - . . .,>atur)l urall[ls l~c~)tutlc——.——
4.7
4.8
4.9
5.0
5.1
5.2
5.3
5.4
,5,5

5,(3
5.7
5. 8
5.9
6.0
6.1
6,2
6.3
6.4
6.5
6.6
6.7
6.8
6.9
7.0
7.1
7,2
7.3
7.4
7,5
7.6
7.7
7.8
7.9
8.0
8.1
8.2
8.3
8.4
8.5
8.6
8.7
8.8
8.9
9.0
9.1
9.2
9.3
9.4
9.5
9.6
9,7
9,8
9.9

10.0— . .  —
l’c,tals

0
0
0
2

11
34
10

0
0
0
0
0
0
0
0
0
0
0
0
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
~
0
2
0
0
0
0

65..

9
14
22
20
26
56
94

141
201
308
375
528
744
851

1,083
1,255
1,444
1,554
1,667
1,745
),855
],g]fi
2,040
2,100
2,164
2,281
2,141
1,816
1,528
1,543
1,326
1,133

937
702
475
413
335
266
197
140

84
55
46
30
12
11

4
6
4
0
4
1
1
0

0
1
1
0
1
1
1
4
8
6

20
45
93

1(16
229
358
U30
812

1 ,0($8
11:)01
1,837
2,0s9
2,431
2,:)18
2,$)73
3)155
3,377
3,.555
3,791
3,.?95
3,438
3,392
3,102
2,892
2,647
2,3G4
1,989
1,677
) ,336
1,048

864
679
507
4() 9
251
192
146

81
5<)
37
30
)3

9
2

37,703 61,570

0
0
0
0
1
0
0
0
0
0
0
0
4
2
4
r

l’i’
5

16
14
18

8
27
35
34
17
33
33
31
23
24
14
21
24
18
10

9
10

9
3
4
5

3
3
2
0
2
0
0
0
0
0
0
0

482 —.

o
0
0
0
0
0
0
0
0
0
0
0
0
1
2
10

-1
7
8
3

11
7
7
9

10
7
8
4

11
4
5
5
-1
6
0
~
2
2
0
0
0
0
1
0
0
0
0
0
0
0
0
0
0

1>1

. ..— —.
Ejwt_——. .—

0
0
0
0
0
0
0
0
0
0
0
0
1
0
1
0
3
~
3
0
2
4
2
3
3
4
3
2
2
1
1
3
4
0
1
1
0
0
1
0
0
0
1
0
0
0
0
0
0
0
0
0
0
0

48
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lnclinatic)n AIivc Juuiter—.
0<2<1
152<2
2~i<3
3~i<4
4<i<5
5<2<6
6~i<7
7<i<8
8~i<9
)<2 <10
(j~i<ll
l~i <12
2~i <13
3<i < 1 4
4<?<15
5<i <16
G<i < 1 7

17<i <18
]S<i<l{l
1 9 < 2  < 2 0
2 0 < 2  < 2 1
21si  <22
2 2 5 2  < 2 3
23~i<2fj
24si  <25
25<i<2i3
26~i <27
27si <28
285i <29
2CJ<i<~~
30<i <90—

3
6
5
2
7
9
6
3
2
7
4
3
2
0
0
0
1
0
r
:
0
0
0
0
0
0
0
0
0
0
0. .

2,864
2,798
2,913
3,020
2,{)29
2,781
2,552
2,280
2,152
1,877
1,752
1,602
] ,&7
1,155

980
839
7]9
fj44
495
431
329
272
245
202
144
112
103

75
46
40

11.5.
37,703

%tUHl

5,107
5,148
4,630
4,496
4,269
3,:)90
3,841
3,578
3,412
3,128
2,833
2,609
2,244
2,036
] ,790
1,634
1,280
1,053

863
712
612
514
427
320
260
217
152
117
67
45

187

i]. F;7 1

S:.1 Ratio—
1.78
1.84
1.59
1 .4$)
] ./](;
1.43
1.51
1.57
1.59
1.67
1.62
1.63
1.81
1.76
1.83
1.95
1.78
1.64
1.74
1.65
1.86

LJranus Nq>tunc

24 6
16 S

32 3
4:) 1()
37 7’
44 19
37 10
47 7
26 14
30 11
24 G
25 5
17 6
23 7
]2 5
1’2 0

9 3
9 1
2 ~
1 2
2 0
2 1
3 0
1 0
0 0
1 1
1 0
0 0
0 0
0 0
0 0

482 – 131
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Eject

o –

o
1
3
3
1
2
3

10
2
3
:)
2
5
3
2
1
0
0
1
1
0
0
0
c1
o
0
0
0
0
0

48 . -.
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